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PREFACE. 



Fbvbkuzi Sokekgb, whioh up to the end of the eighteenih 

century bad been fully occupied in forming a conception 
of natonl phenomena as the result of forees acting 
between one body and another, has now fairly entered 
on the next stage of progress— that in which the energy 
of a material system is conceived as determined by the 
configuration and motion of that system, and in which 
the ideas of configuration^ motion, and force are 
generalised to the utmost extent warranted by their 
pliysical definitions. 

To become acquainted with these fundamental ideas, 
to examine them under all their aspectSi and habitually 
to guide the current of thought along the channels of 
atriet dynamical reasoning, must be the foundation t>f 
the training of the student of Physical Science. 

The following statement of the fundamental doctrines 
of Matter and Motion is tlioreforo to be regarded as 
an introduction to the study of Physical Science in 
general* 
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MATTEE 'ijirD MOTIOIf. 

CHAPTEB'i;' 
INTEODUCTION, 

AsmouL L — ^Natubb of FbYBxoUi..Sci^aB. 

Physical Science is that department 6f knowledgo 
which relates to the order of nature, or, in other wofdi, 
to the reffolar mieeeetnon of events. * "* 

The name of physical science, however, l»'<\ften 
applied in a more or less restricted manner to 'those 
branches of science in which the phenomena considered 
are of the simplest and most abstract idnd, exdading 
the consideration of the more complex phenomena, sneh 
as those observed in living bemgs. 

The simplest case of all is tiiat in which an event 
or phenomenon can he described as a change in the 
arraogement of certain bodies. Thus the motion of the 
moon may be described by stating the changes in her 
position relatiye to the earth in the order in which they 
follow one another. 

In other cases we may know that some change of 
arrangement has taken place, but we may not be able 
to ascertain what that change is. 

Thus when water freezes we know that the molecules 
or smallest parts of the snbstance must be arranged 
differentty in ice and in water. We also know &at 
ibis arrangement in ice must have a certain kind of 
symmetry, because the ice is in the form of symmetrical 
crystals, but we have as yet no precise knowledge of 
the actual arrangement of the molecules in ice. But 
whenever we can dunpletely describe the chan|p of 
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♦ * 

anrangement we have a knowledge^, perfect so far as H 
extends, of what has taken place, though we may bUU 
have to learn the necessary ^Jonditionfi' under which a 
Bimilar event will always take place. 

Heiioe the first part oCpls^raical seiened xelstes to the 
reUtiYe position and mo'tion of bodies. 

ArxioiiB II. — ^Dfitaii3Eioii ov ▲ Matsbul Sybtsk* 

In all scientific -prbcedure we begin by marking ont a 
eertain regioii-jpr sabjact as the fi^d of onr investiga- 
ibns* To t|^ we mnst eonfine onr aitentiont leaviog 
the rest qf ;t|re "nniTerse ont of 'aceonnt till m^have 

completed.* the investigation in which we are engaged. 
In physic^ Science, therefore, the first step is to define 
clearly^tjie material system which we make the Biibject of 
onc^^tfttements. This system may be of any degree of 
compifixity. It may be a sinde material partide, a 
iiiStf of finite sise, or any nnnwer of snob bbdiest and 
it may even bo extended so as to include the whole 
material universe. 

AxnoM UL — DnnimoR or Intbsxal im Exthbku. 

All relations or aetions between one part of this sys-^ 
tern and another are called Internal relations or actions. 
Those between the whole or any part of the system 

and bodies not included in the system are called Exter- 
nal relations or actions. These we study only so far as 
they afiect the system itself, leaving their efi'ect on 
external bodies out of consideration. Belations and 
aetioDS between bodies not iodnded in the system |M 
to be left ont of consideration. We cannot investigBte 
them except by making our system include these other 
bodies. . 

Abticle IV. — ^Definition of Configubation. 

When a material system is considered witti respect 
to tlie relative position of its parts, the assemblage of 
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CONFIGUfiAIION* 11 

relative positions is called the Gonfigaratioii of the 
flgrstenu 

* A knowledge of the eonfignratioii of the system at a 
given inetuit impHae a knowledge of the pontion of 

every point of the system with respect to every other 
point at that instant. 

Amncus V. — ^Diaobahs. 

The configuration of material eystemp.may.be repse- 
vented' in models, plans, or dii^frams* The model or 

diagram is supposed to resemble the material system 
only in form, not necessarily in any other respect. 

A plan or a map represents on paper in two dimen- 
sions what may really bei in three dimensions, and can 
onl^ bo (MWBpletely tepresented by a mod^ We. shall 
nee iho telrm Dia^nm to s^fy any geometrioal figure^ 
whether plane or not, by means of which we study the 
properties of a material system. Thus, when we speak' 
of the configuration of a system, the image which we form 
in our minds is that of a diagram, which completely 
xeproeente the ccmfigaxation, bnt wlidoh baa none of .the 
ottiair properiiea of the materiel system. Besides dia- 
grams of configuration we may have diagrams of velocity, 
of stress, &c., which do not represent the form of the 
system, but by means of which its relative velocities or 
its intemal forces may be studied. 

Abtkuji YI. — A MAmsoAi* Pabtiolb. 

A body so small that, for the purposes of our invesH'' 
gation, the distances between its different parts may be 
nqdeeied, is called a material particle. 

Thnii in eertain astronomical investigations the phmelSy 

and even the sun, may be regarded each as a material 
particle, because the difference of the actions of dif- 
ferent parts of these bodies does not come under our 
notiee. But we cannot treat them as material particles 
wben we mvestigate tiieir rotation. Even an atomi 
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whan we connder it as eapaUe of rotaiiani mask he 

regarded as consisting of many material paitieles. 

The diagram of a material particle is of coarse a 
mathemntioal point, which has no configuration, 

Abtiolx YIL — ^Bejuitive Position of two Matbbtai* 

Pabtigus* 

The diagram of two material particles consists of two 
points, as, for instance, A and S. 

The position of B relative to A is indicated by the 
direotum and length ot the 8trai|^t line A~B itvfm 
from ktoB. H yon staort from A and travel in Ihe 
direction indicated by the line A B and for a distance 
equal to the length of that line, you will get to B. 
This direction and distance may be indicated equally 
well by any other line, each as a~b, which ig parallel 
and e^nal to A~B. The position of A with xespeet to 
B is indicated hy the direetion and length of flie Ime 
B A) drawn from B to A, or the line JTa, equal and 
parallel to b"A. 

It is evident that BA = - 375. 

In naming a line by the letters at its extremities, 
the order oi the letteis is always that in whieh the line 
is to be drawn. 

AnncLS YUI. — ^Yeczobs. 

The expression a B, in geometry, is merely the 
name of a line. Here it indicates ttie operation by 
which the line is drawn, that of eanying a traeing 
point in a certain direetion for a certain distance* As 
indicating an operation, a~B is called a Vector, and 
the operation is completely defined by the direction 
and distance of the transference. The starting point, 
which is called the Origin of the veciori may be any* 
where. 

To define a finite straight line we mnst state its 
origin as well as its direction and length. All TeetorBy 
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however, are r^arded as equal which are parallel (and 
drawn towards the signe l axin) and of the same. loagni- 
tad€i« 

Any quantity, meh, for instance, as a veioeity or a 
force, wbidi has a definite direetion and a definite 

magnitude may be treated as a Tector, and may ^ 
be indicated in a diagram by a straight line whose 
direction is parallel to tho vector, and whose length 
represents, according to a determinate scale, the mag- 
nitude of ttie Teetor. 

AsTicLE IX. — System of Tbbxb Pabticles. 

Let OS next consider a system of three particles. 
Its configuration is represented by a diagram of 
three points, A, B, 0. 

The position of B with respect to ng. i. 

A is indicated by the vector A~B, 
and that of C with respect to B by 
the vector B C- 

It is manifest that from these 
data, when A is known we can find ^ 
B and then Of so that the confignra- 
tion of the three points is completely determined. 

The position of C with respect to A is indicated by 
the vector AC, and by the last remark the value of AC 
must be deducible from those of A~B and BQ* 

The result of the operation A~C is to carry the 
tracing point firom A to 0. But the result is the same 
if the tracing point is carried first firom A to B and 
then from B to C, and this is the sum of the operations 
AB + SC. 

Akticle X. — ^Addition op Vectobs. 

» 

Hence the role for the addition of Tectors may be 

stated thus : — From any point as origin draw the suc- 
cessive vectors in series, so that each vector begins at 
the end of the preceding one. The straight line from 
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the origin to fiie eactrenuty of the 8«rie8 tepmrn^B ttNi 

vector which is the sum of the vectors. 

The order of add it ion is indifferent , for if we write 
BC^ -H iB the operation indicated may be performed 
by drawing aTD parallel and equal to and then 
joifidng ITS, irhioh, by £adid» L 88, is ]Mmilel and 
eqnal'to A B, so that by ihese two operations w^e ttrirni 
at the point C in whichover order we perform them. 

The same is true for any noxober of vectors, take 
them in what order we please. 

AnnoLB XI. — SuBrnAcrzoN ov cum Ysotob. vsok 

WOTHEB. 

To express the position of C with respect to B in 
terms of the positions of B and G with respect to A, 
V6 observe that we can get from B to C either fej^ 
passing along the straight line S~C by passing from 
B to A and then from A to 0. Henoe 
B"C = BA-f A_C. 

= A C -f B A since the order of addition is indiflferent 
=3 A~C — aTB since A^ is equal and opposite to B^. 
Or the vector B~C, which expresses this position of 0 
with respect to B, is fbnnd by sabtraeting the vestor of 
B firom the vector of 0, these vectors l^ing drawn, to 
B and C respectively from any common origin A. 

Abucus XII.~Obtgin of Ybotobs. 

The positions of any number of partieles belongisg 
to a material system may be defined by means of the 
veetors drawn to each of these particles from some one 

point. This point is caHod the origin of the veetors, 
or, more briefly, the Origin. 

This system of vectors determines the configura- 
tion of l^e whole system ; for if we wish to know 
the position of any point B witii respect to ' any ot^er 
point A, it maybe found from the vectors 0~A and cTS 
by the eq^uation 

XB = O B - O A. 
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We may ehoese any point whaiever for the brigin, 

and there is for the present no reason why we should 
choose one point rather than another. The configura- 
tiou of the system — ^that is to say, the position of its 
parts with respect to each other — ^remains the same, 
whatever point be diosen as origin. Many inquiries, 
however, are simplified by a proper selection of ttie 
origin. 

Abhou XTTT. — ^Bblativb Poshiok ov Two Bt^mm. 

Ji the eonfignrations of two diffisrent lifystems aie 
known, each system ha^g its own fig 2 

origin, and if we then wisli to include 

both systems in a larger system, P • 

haying, say, the same origin as the 

^ust of the two systemSi we must <l oj 

ascertab the position of the origin 

of' flie 'secoiid' system with respect 

to that of the first, and we must be 

able to draw lines in the second> system parallel to 

those in the first. 

Then by Article IX. the position of a point P of the 
pecon4 system, with respect to the first origin, 0, is 
represented by the sbm <n the vector 0 P 6f that point 
with respect to the second origin, 0' and the vector 00' 
of the second origin, 0' with respect to the first, 0. 

a 

Abticle XIV. — Thkee Data for the Compabison 
. , of Two . Systems. . . \ ' 

We haye an instance of this formation of a large 
system ont of two or more smaller systems, when two 
neighbonring nations, having each soryeyed and 
.mappediits own territory, agree to connect tiieir siD> 
Tejrs 'Bo as to inclnde both eonntries in> one system. 
For tfaSs purpose fhiee tloii^ are necessary. 
* 1st. A comparison of the origin selected by the one 
country with that selected by the other, . . . ' i 



I 



16 INTBODUOTION. 

2nd. A comparison of the directions of reference 
used in the two countries. 

8rd. A eomporison of the staiidards of length used 
in the two countries. 

1. In civilised countries latitude is always reckoned 
from the eqnator, but longitude is reckoned from an 
arbitrary point, as Greenwich or Paris. Therefore, 
to make the map of Britain fit that of France, we 
must ascertain the difference of longitade between the 
Observatory of Ghreenwich and that of Buris. 
' 2. When a survey has been made vnthout astro- 
nomical instruments, the directions of reference have 
sometimes been those given by the magnetic compass. 
This was, I believe, the case in the original surveys of 
some of the West India isknds. The resolts of this 
soryey, though giving correctly the local configuration 
of the island, could not be made to fit properly into a 
general map of the world till the deviation of the 
magnet from the true north at the time of the survej 
was ascertained* 

8. To compare the survey of France with that of 
Britain, the metrci which is the French standard of 
length, must be compared vrith the yard, which is the ^ 
British standard of length. 

The yard is defined by Act of Parliament 18 and 
19 Yict. c. 72| July 80» 1855, which enacts that the 
straight line or distance between the centres of the 
transverse lines in the two gold plugs in the bronze 
bar deposited in the office of tiie Exchequer shall 
be the genuine standard yard at 62° Fahrenheit, 
and if lost, it shall be replaced by means of its 
copies,** 

The metre derives its authority from a law of the 
Erendi Republic in 1796. It is defined to be the 
distance between the ends of a certain rod of platmmn 
made by Borda, the rod being at the temperature of 
melting ice. It has been found by the measurements 
of Captain Clarke that the metre is equal to 89*87048 
British inches. 
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A&xifTLB XY. — On xsb Isba. of Spaob. 

We have now gone ihrqngh most of the thingg to be 
attended io.mth. respeot to ftte configuration of a 

material system. There remain, howeyer, a few points 
relating to the metaphysics of the subjecti which have a 
Tery important bearing on physics. 

We have described .the method of combining several 
eonfigorations v^U) one qrstem which includes them aU^ 
In this way we add to &e smaU region whieh we can 
explore by stretching onr limbs the more distant regions 
wUch we can reach by walking or by being ca^ed. 
To these we add those of which we learn by the reports 
of others, and those inacoeasible r^ons whose position 
we ascertain only by'a proeess e^cnlation, till at last 
we recognise Ibii ' every place has a definke position 
with respect to every other place, whether *die one 
place is accessible from the other or not. 

Thus from measnrements made on the earth's surface 
we deduce the position of the centre of the earth relative 
tp icnown oBjectSy and we calculate the number of cnbip 
idles in the earth's yolnme quite independently of any 
hypothesis as' to wHat may exist at the centre of tne 
earthi or in any other place beneath that thin layer of 
the crust of tiie earth which alone we can durectljf 

: XVl^BitBos or Dssoabtes. ^ 

B in^wm, liiett/fhai'tlie disteiee befcweeii one Vt&a% 
and efietlier 'iflMi net ^tepend on a&y aiatenU thbig 

between them, as Descartes seems to assert when he 
says (Princip. Phil., IT. 18) that if that which is in a 
hdllow vessel were taken out of it vrithout anything 
entering to fin its placet the sides of the vessel, having 
lieihia^ betwMi them, would m eoniaet ^ ^ 
- TUs assettioft is groimded on tiie dogma of BesJ- 
carteSi that the extension in length, breadth^ and depth 

3 
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wUch ooDstitate ipace is the sole ewentiftl property of 

matter. ** The nature of matter,'* he tells us, " or of 
body considered generally, does not consist in a thing 
being hard, or heavy, or coloured, but only in its 
being extended in length, faraadUi, and depth " (Piincip . , 
II. 4). By ihns Gonfonnding ibe properties of maUer 
^th fliose of space, he arriyes at tte logieal eondnsioii 
that if the matter urithin a vessel could be entirely 
removed, the space within the vessel would no longer 
exist. In fact he assumes that all space must be 
always full of matter. 

I have referred to this opinion of Descartes in order 
to show the importance of sound views m elementaiy 
dynamics. The primary property of matter was in- 
deed distinctly announced by Descartes in what he calls 
the First Law of Nature (Princip., 11. 37) : " That 
every individual thing, so far as in it lies, perseveres 
in the same state, whether of motion or of rest.** 

We shall see when we come to Newton's laws of 
motion fliat in the words so fiur as in it lies/' pro* 
perly understood, is to be found the true primary 
definition of matter, and the true measure of its quan- 
tity. Descartes, however, never attained to a foil on- 
derstanding of his own words (quafOum in u sit), and 
80 fdl badL on his original confosion of matter nith 
space— 4pace being, according to him, the only form of 
substance, and all existing things but affections of space. 
This error runs through every part of Descartes* great 
work, and it forms one of the ultimate foundations of 
the system of Spinoza. I shall not attempt to trace 
a doim to more modem times, but I imdd advise 
those who stndy any system of metaphysics to ^camine 
carefully that part of it which deals with pbysieal 
ideas. 

We shall find it more conducive to scientific pro* 
gress to recognise, with Newton, the ideas of time and 
space as distinct, at leastin thought, from that of the 
material qrstm whose lelationB these ideas serve to oo« 
ordinate. 
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Abiicle XVII. — On ihb Idea or Tims. 

The idea of lime in its most primitive form is 
bobly the reeogiutioii of an taiet of sequenee in our 
stales of eonseioaBness. If my memory were perfect, I 

might be able to refer every event within my own 
experience to its proper place in a chronological series. 
But it woold be difficult, if not impossible, for me to 
compare the interval between one pair of events and 
that between another pair — ^to ascertain, for instance^ 
whether the time dnring which I can work withoat 
feeling tired is greater or less now than when I first 
began to study. By our intercourse with other peinsons, 
and by our experience of natural processes which go on 
in a uniform or a rhythmical manner, we come to 
recognise the possibility of arranging a syst^ of 
chronology in which all events whatever, whether re- 
lating to ourselves or to others, must find their place. 
Of any two events, say the actual disturbance at the 
star in Corona Borealis, which caused the luminous 
effects examined spectroscopicaUy by Mr. Huggins on 
the 16th May, 186<6, and the mental soggestion which 
first led "Professor Adams or M. Leverrier to begin' the 
researches which led to the discovery, by Dr. O^e, on 
the 28rd September, 1846, of the planet Neptune, the 
first named must have occurred either before or after 
the other, or else at the same time. 

Absolute, tme, and mathematical lime is conceived 
by Newton as flowing at a constant rate, nnaflbcted by 
the speed or slowness of the motions of material things. 
It is also called Duration. Belative, apparent, and 
common time is duration as estimated by the motion 
of bodies, as by days, months, and years* These mea- 
snres of time may be rc^jyoded as provisional, for the 
progress of astrmiomy has tanght ns to measure the 
inequality in the lengths of days, months, and years, 
and thereby to reduce the apparent timd to a more 
nniform sc^i called Mean Solcu: Time. 

b2 
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AjttlOLB ZVHL*— Ab80X4)Q S F Afll» 

^ Abfiolate space is conoeiyed as lamaimiig alw^rs 
simibur to itself end immoTBUe. Tlie amngement 

of the parts of space can no more be altered than the 
order of the portions of time. To conceive them to 
move from their places is to conceive a place to .mova 
away from itself. 

^ Bnt as there is nothing to distingdish one poirltoil of 
time from ' another except the diffelrent events ^vrideh' 

occur in them, so there is nothing to distinguish one 
part of space from another except its relation to the 
place of material bodies. We caxmot describe the time 
of an event except byrefiarence to some ottier event, or the 
place of a body except by reference to soaie other body* 
All our knowledge, both of time and place, is essenttidiy 
relative. When a man has acquired the habit of ; 
I putting words together, without troubling himself to 
I form ti^e. thoughts which ought to correspond to them^ j 
it is easy for nim to frame an antithesis between this j 
relative knowledge u^A a so-called absolate knowledge, 
and to point ont onr %norance of the absolate position 
J of a point as an instance of the limitation of our 
' faculties. Any one, however, who will try to imagine i 
the state of a mind conscious of. knowing the absolate i 
position of a point will ever after 1^ ccnteni with onr i 
relative knowledge. 

" « 

Abticls XIX. — Statement of the GmmsAL IdJUUM 

OF PttrglCMUb SoifiNOB*. . 

I There IS a maxim which is often quoted, that The 
same caa8e3 will always produce the same effects." 

^o niake this inaid^ inteUigOile Ive most define 
wlOii we mean ly the saine eanses andttie sameeflMsi 
smee it is ihanifest that no event ever happens more 
than once, so that the causes and effects cannot bo 
the same in all respects. What is really meant is that 

i£ the caoses difier only as regards the abednte time 
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or the abspln^ie plsice at vluob tbd eve&t 0000x89 80 
likewise will the effeots. 
Th^ foUowiiig AalelBeiity whidi U ^vMiifmi to the 

sboYd mazjm, appears to be more definite, more expli^' 
citly comiected with the ideas of space and time, and 
more capable of application to particular cases : — 

Xhe di&rence between one event and another does 
not depend on ih^. xnere diffidnmoe of the times or the 
idaees at whidi iheji ocenr, but only on diffeveneis in 
the natnrei configuration, or motion of the bodies con- 
cerned." 

It follows from this, that if an event has occuiTed at 
a given time and place it is possible for an event exactly 
OEmllar iflTooesr at any other time' and plaoe,' * * 
• Xhm mo&$i .maxim ^hioih mnst not be .eon^ 
fonnded with that quoted at the . beginning of tbb 
lurticle, which asserts That like causes produce liko 
effeets." 

Xhis is only true wh^ small variations in the initial 
emtmstancds pKodnee only small variations in the final 
itito of the isfyiaibtai. Li a great many physical pheno- 
mena mm condition is satisfied ; bnt there are oiher 

cases in which a small initial variation may produce a 
very great change in the final state of the system, as 
when the displacement of the points causes a railway 
iraiq^.tO rttn. mto aiiidtber instead of keeping its proper 
course* 



OHAPTEB n. 

AmoLB XX*<— BxnNiTioN of Dxspi^gemxmt. ' 

.Ws have akeady compared flie position of different 
wabtB of a qrston at the same instant of time. We 
nave next to compare the position of a point al a givA 
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instant with its poaition at a former instant, called the 
Epoeh. 

The ^eelor whieh indieates the final position of a 

point with respect to its position at the epoch is called 
the Displacement of that point. Thus if A ^s the initial 
and A, the final position of the point A, the line A^A, is 
the displacement of A, and any vec tor o "a drawn from 
the origm o parallel and equal to indieates this 
displaoemsnt* • 



AbSICLS XXI. — ^DUOBAK OF DiSFLACKlIEliT. 

If another point of the system is displaced from to 
Bt the Tsotor iir parallel and eqiial to indieates 
the diipIaoeDieiil of B. 

In like manner the displacement of any number of 



as consisting of a number of points, a, h, &c., corre- 
sponding with the material particles, A, B, &c., belonging 
to the system, together with a point o, the position of, 
which is arbitrary, and which is the assumed origin 
of all the Ysctoro* 



Zlg.1. 



^ sented by vectors 
y drawn firom the same 
origin o. Ihis 
system of veetors is 

called the Diagram 
of Displacement. It 
is not necessary to 
draw actual lines to 
represent these tm- 
tors ; it is sufficient 
to indicate the points 
a, hy &c., at the ex- 
tremities of the vec- 
tors. The diagram 
of displacement may 
therefore be regarded 



points may be repre- 




Google 



* S8 



Xwtmm XXSL — BauAxm Dxsplacsmbxt. 

The line ~b in the diagram of displacement repre- 
sents tlid dupkcemeni cnT the point £ with xespeot 
toA. 

For if in tho diagram of digplaeement (fig. 8) we 
draw a k parallel and equal to B, A„ and in tiie same 
directioni and join ITb, it is easy to show that ITb is 

equal and parallel to a, B,. 

: For the Teo tor k h is the sum o£ t he vec t ors F S, ao^ 
and and At B, is the sum of A , A„ Ai B,> and 
B, B,. B nt of t befleyg is the same as A7B,,"ao is the 
same as a, a,> and oh is the same as B, B,, and by 
Article X. the order of summation is indifferent, so 
that tbo vector^ is the same, in direction and magni- 



iMsition of B with respect to A, and hhf or A, B, 
xepfesenfs the final posftion of.B with respect to A« 
Henoe rFrepresents the disi^aeement of B with respeet 

to A, which was to be proved. 

In Article XX. we purposely omitted to say whether 
'tiie origin to which the original configuration was 
referred, and that to which the final configuration is 
r^Bffved» are ahsolvt^the same point* or whether, 
daring flie displacement of the qrstem, ilie origin also 
is displaced. 

We may now, for the sake of argument, suppose that 
ihe origin is absolutely fixed, and that the displace- 
ments represented by oa^ oh, &c.| are the absolute dis- 

Slae^iiDLents. To pass fiKmi this ease to that in which 
lie "Origin is displaeed we have only to take A, one of 
the movable points, as origin. The absolute displace- 
ment of A being represented by the displacement 
ofB with respect to A is represented, as we have seen, 
by ~ahl and so on for any other points of the system. 
• ^ arrangement of tiie points a, fr, fte., in the dia^ 
gram of disnlaeement is therefine the same, whether 
we reckon ttie displacements with respeet to a fixed 
point or a displaced point ; the only difference is that 
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we adopt a diffarant origin of vectors in the diagram of 
displacements, the role being that whatever point wa 
teu) whether 'ftxed or moving, for- the t>figin ol the 

diagram of configuration, we take the corresponding 
point as origin in the diagram of displacement. If wo 
wish to indicate the fact that we are entirely ignorant 
of the absolute displacement in space of any point of 
the system, we may do so by constroeling flia duignuii 
of displacements as a mere, system of ^inti, without 
indicating in any way which of them we take as the 
origin. : . ' - 

This diagram of displacements (without an origin) 
^fviU then represent neither more nor less than all we 
ean, ever know about the displactoieiit ti tbe sysftdm. 
BeoosiatB simply of a number*^ pomts, ayb^ e, kc^ 
corresponding to the ^ints A, B, C, of the material 
system, and a vector, as a~h represents the displacement 
of B with respect to A. ^ v > - * ■ 

AmcLB XXTTT. — TJmrtttas* DmniosHEiiT. \ 

When the displacements of points , of ,a matsffSil 
system with respect to an extenial point the s^jifw 





m 


1 





external point, and the other to each and every point of 
the displaced system. In this case the points of the 
system are not displaced with respect to ^one w^tjj|igfe 
but only with respect to the exteniai point. .tr(tA*(<i 

Ibis is the kind of displacem^ which oocnnv 
a body of invariable form moves parallel to^jtp^ 
may be called miifom displacement. . .. .. . . /. *j. 

When the change of configuration .of a systeiiQ is 
eomeddered wiQi respect only to its state at :jii|}iB^4»0gin|pg 

♦When the simultaneous valued of a quantity for deferent 
bodies or places aro eqQ«l| the qoMitlMy is jaid ^ l|e «io(^0r8% 

distributed in apace^ • 
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and the end of the process of change, and withont 
reference to the time during which it takes placet ^ 
* eaUed' the diqplacement of tiie system. 

When 1^ tmn <mr attention to the proeess of change 

itself, as taking place during a certain time and in a 
continuous manner, the change of configuration is 
ascribed to the motion of the system. 

, ABncLE'XKY. — On the Continuity op Motion. 

Wbea.A material particle is displaced so as to pass 
from one position to anotheri it can only da aa.'by 
ira^dling along some comrse or path from tlie one 
position to the other. 

At any instant during tho motion .the particliB will be 
found at some one mi a . ^ 

point of the path, Z^'*- • ' ; , 

and if we select 
my point *of the 
path, the particle 
will pass that 
jioint once at 
least* daring its 
inotion. 

Xhia is what is qieant by sayiiig that ttie pitrticle 
desmbes a continnons path. The motion of a material 

particle which lias continuous existence in time and 
space is the tj^e and exemplar of every form of 
Contmoity. 




, Abtiole XXVI. — On Constant! Velocity. 

H the motion of a parfide is snch that in equal 

intervals of time, however short, the displacements of 

* If the path cuts itself so as to form a loop, as P, Q, R (fig. 4), 
the particle will pass the point of intersection, Q, twice, and if 
the particle retoms on its own path, as in the pat^ A^B, C, D, jjf 
may pas a the same point, S, three or more times. *^ ' * 

f Whflti the BncceasiTB Yalnes of a quantity for satseeifiiTe 
iDstanti of tfane am equal, the foaatity b said to he ^tmiknU* 



^ i;j i^ . -. Lj Google 



MOTION 



the particle are eqaal and in the same directioiiy the 
particle ia said to more with constant Telocity* 

It 18 manifest that in this case the path oi the body 
will be a straight line, and the length of any part of the 
path will be proportional to tho time of describing it. 

The rate or speed of the motion is called the velocity 
of the particle, and its magiiitade is expressed by say* 
ing that it is sach a distance in such a time, as, for 
instance, ten miles an honr, or one metre per seoond. 
In general we select a unit of time, snch as a second, 
and measure velocity by the distance described in unit 
of time. 

If one metre be described in a second and if the 
velocity be constant, a thousandth or a millionth of a 
metre will be described in a thousandth or a' miUionib 
of a second. Hence, if we can observe or calculate the 

displacement during any interval of time, however short, 
we may deduce the distance which would be described 
in a longer time with the same velocity. Ihis result, 
which enables us to state the velocity daring the short 
interval of time, does not depend on tiie body's actoally 
eontinning to move at the same rate doring file longer 
time. Thus wx may know that a body is moving at 
the rate of ten miles an hour, though its motion 
at this rate may last for only the hundredth of a 
second. 

Abticle XXYII. — On the Measukement op Yelocixi 

WHSN YaBIABLE. 

When the velocity of a particle is not constant, its 
value at any given instant is measured by the distance 
which would be described in imit of time by a body 
having the same velocity as that whidi the particle has 
at that instant. 

Thus when we say that at a given instant, say one 
second after a body has begun to fall, its velocity is 980 
centimetres per second, we mean that if the velocity of 
a particle were constant and eqpal to that of the faUiog 
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body ai the giTdn mgiant, it would describe 980 centi- 
metres in a second. 

It 18 speoiaUj important to nndentand what ia meant 

by the Telocity or rate of motion of a body, because the 

ideas which are suggested to onr minds by considering 
the motion of a particle aro those which Newton made 
nse of in bis method of FiuxionSi"^ and they lie at the 
foundation of the great extension of exact science which 
has taken place in modem times* 

Abtxcle XXYm. — ^DuGBAM OF Yklocitiks. 

If the velocity of each of the bodies in the system ia 

constant, and if we compare the configurations of the 
system at an interval of a unit of time, then the displace- 
ments, being those produced in unit of time in bodies 
moving with constant velocities, will represent those 
velocities according to the method of measnrement 
described in Article XXYL 

If the velocities do not actually continue constant 
for a unit of time, then we must imagine another system 
consisting of the same number of bodies, and in which 
the velocities are the same as those of the corresponding 
bodies of the system at the given instant, bnt remain 
constant for a nnit of time. The displacements of this 
system represent the velodtiea of the actual system at 
the given instant. 

Another mode of obtaining the diagram of velocities ^ 
of a system at a given instant is to take a small interval 
of time, say the nth part of the nnit of time, so that 
the middle of this interval corresponds to the given 
instant. Take the diagram of displacements conres- 
ponding to this interval and magnify all its dimensions 
n times. The result will be a diagram of the mean 
velocitiea of the £(ystem during the intervaL If we now 

* According to the method of Fluxions, when the yslne of one 
onaotity depends on that of another, the rate of variatioii of the 
ant quantity with lespeet to tbe teoond may be ezpiefleed as a 
velocity, hy Imagming the fiist qnantity to lepfesent the displace* 
ant of a putide^ while the ieoond flowe nnlltomly with the tiiiia> 
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suppose the number n to increase without limit the 
interval will diminish without limit, and the mean 
velocities will approximate without limit to the actual 
velocities at the given instant. Finally, when n becomes 
infinite the diagram will represent accurately the velo- 
cities at the given instant. 



ART1014E XXIX. — Properties op the Diagram of 

Velocities (fig. 5). 

Fifir. 5. 




DiAOEAM OF OONFXOVBATXOir. ' 



DlAGIUX OF YeLOOXTY. 



4 i 



The diagram of velocities for a system consisting of 
a number of material particles consists of a number 
of points, each corresponding to one of the particles. 

The velocity of any particle B with respect to any 
other. A, is represented in direction and magnitude by 
the line a~b in the diagram of velocities, drawn from the 
point a, corresponding to A, to the point 6, corresponding 

to B. . • . 

We may in this way find, by means of the diagram, 
the relative velocity of any two particles. The diagram 
tells us nothing about the absolute velocity of any 
point ; it expresses exactly what we can know about 
the motion and no more. If we choose to imagine that 
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cTa represents the absolute velocity of A, then the abso- 
late yelooity of any other paxtiele^ B, will be represented 
ihe twitor 0 0^ mmnmmo as ongin to the point frt 
lAdA, ^itegponds to B* 

But as it is impossible to define the position of a 
body except with respect to the position of some point 
of reference, so it is impossible to define the velo- 
city of a body, except with respect to the velocity of 
the pdnft of rdisrenee. The phrase absolute velocity 
htm BB UMb meaning as absolnte position. It is better, 
therefc^e', not to distinguish any point in the diagram 
of velocity as the origin, but to regard the diagram as 
expressing the relations of all the velocities without 
defining &e absolute value of any one of them. 

'Akticjub XXX. — MfiANiNa of a he Phbase At Rest.' J 

' It is true that when we say that a body is at rest we 
use a form of words which appears to assert something 
about that body eonsidered in itself, and we might 
inaipBe ttiiai the velwaty of another body, if reckoned 
with respect to a body at rest, would be its true and 
only absolute velocity. But the phrase "at rest" 
means in ordinary language having no velocity with 
respect to that on which tiie body stands," as, for in- 
stance, the SQi^Me of the earth or the deck of a ahqp. 

cannot be made to mean more than Ods. 
. • It is therefore unscientific to distinguish between 
rest and motion, as between two different states of a 
bo^ in itselfy since it is impossible to speak of a body 
being at test or in moti<m except with reference, ex- 
pressed Of impliedi to some other body. 

kmicm XXXI. — On Change qf Velocity, 

* As we have compared the velocities of different 
bodies aft the same tfaiie> bo may compaie tho 
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relative velocity of one body with respect to another at 
different times. 

If a,, 6,, c„ be the diagram of velocities of the system 
of bodies A, B» C, in its original state, and if a,, ^ 

be the dia^wn of 
velocities in tbd 
ft final state of the 

system, then if we 
# take any point a> as 



m a 



origin and draw 
_ ' equal andparallel io 

9 % a\a^ m equal and 

% pandlel to ^7*7, oT^ 
equal and parallel 
to c, and so on, 
we shall form a 
IP A. ^ diagram of points 

•> A 7f fto*, s uch 
T* that any liiie « $ 

in tluB diagram 
represents in direction and magnitade the change of 
the velocity of B with respect to A. This ^ifigTftm 
may bo called the diagram of Xotal Accelsiations* 



Abticl£ XXXII. — On AccELEnAXiox.' 



The word Acceleration is here used to denote any 
change in the velocity, whether that change be an in- 
crease, a diminution, or a change of directim. Hence^ 
instead of distingoisfaing, as in ordinary language, 

between the acceleration, the retardation, and the 
deflexion of the motion of a body, we say that the 
acceleration may be in the direction of motion, in the 
contrary direction, or transverse to that direction. 

As ttie displac^ent of a itystem is defined ta be the 
change of the configuration of the system, so the Total 
Acceleration of the system is deiined to be the change of 
the velocities of the system. The process of construct- 
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ing the diagram of total accelerations by a comparison 
of the initial and final diagrams of velocities is the same 
as that by which the diagram of displacements was 
eonstmcted by a compar^n of the iiutial aud final 
diagraniB of oonfigoration. 

Abiicle XXXTTL — On thb IUte of AccELEaATioN. 

We have hitherto been considering the total accele* 
tati(m which takes place dnring a certain interval of 
time. If the rate of aeederation is eoostant, it is 
measnred by the total acceleration in a unit of time. 

If the rate of acceleration is variable, its value at a 
given instant is measured by the total acceleration 
in unit of time of a point whose acceleration is 

J constant and eqnal to that of the particle at the given 

f instant. 

j It appears from this definitton that the method of 

deducing the rate of acceleration from a knowledge of 
the total acceleration in any given time is precisely 
analogous to that by which the velocity at any instant 
is dednced from a knowledge of the displaeemMt in 
any given time. 

The diagram of total accelerations constmeted fbr an 
interval of the 71th part of the unit of time, and then 
magnified n time^, is a diagram of the mean rates of 
acceleration during that interval, and by taking the 
interval smaller and smaller, we ultimately arrive at 
the troe rate of acceleration at the middle of that 
interval. 

As rates of acceleration have to bo considered in 
physical science much more frequently than total ac- 
celarationSy the word acceleration has come to be 
empkyed in the sense in which we have hitherto us^d 
Ae phrase rate of acceleration. 

In fbtnre, therefore, when we nse the word accelera- 
tion without qualification, we mean what we have here 
desozibed as Uie rate of acceleration. 
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jbotauB XXXIV.— Du0RAK w AiooBsmiMom* 

The diagram of accelerations is a system of points, 
each of which corresponds to one of the bodies of the 
material fiystem, and is such that any line in the 
diagram represents the rate of acceleration of the body 
B iRqtfh respert to the body A» . 

It may be well to observe here liiat in the diagram 
of configuration we use the capital letters, A, B, C, &c,p 
to indicate the relative position of the bodies of the 
system; in the diagram of velocities we use the small 
letterSytt, 5, to indicate tbejteUiiveYdoGitiefii. of these 
bodies; and in the diagram of aeoeleif^ticam we use the 
iGheek letters, a, a, y, to indieete tboir reUriiTe fMsc^ 
krations. ... 
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' Acceleration, like position and velocity, is a relative 
term and cannot be interpreted absolutely. 
: - If every particle of the material universe within the 
reach of onr means of observation were at a 'given 
instant to^ have its velocity altered by oopipoulding 
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direction for every such particle, all the relative mo- 
tions of bodies within the system would go on in a 
jperfectly continuous manner, and neither astronomers 
nor physicists, though using their instruments all the 
while, would be aUe to find out that anythiug 1mA 
happed. 

It is only if the change of motion occurs in a different 
manner in the different bodies of the system that aoy 
event capable of being observed takes place. 
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CHAPTER m. 
ON POBGE. 

AND El!llBTX08* 

W« haT6 hitherto been considering the motion of a 
syBtem in its purely geometrical aspect. We haye 
Aoym how to study and describe the motion of snch a 

system, however arbitrary, without taking into account 
any of the conditions of motion which arise from the 
mutual action between the bodies. 

The theoxy of motion treated in this way is called 
Kinematics. When the mutual action between bodies 
is taken into account, the science of motion is called 
. Kinetics, and when special attention is paid to force aa 
the cause of motion, it is called Dynamics. 

Article XXXYII. — Mutual Action between Two 

Bodies — Stbess. 

The mutual action between two portions of matter 
receives different names according to the aspect under 
which it is studied, and this aspect depends on the ex- 
tent of the material system which fonns the subject of 
our attention. 

If we take into account the whole phenomenon of tho 
action between the two portions of matter, we call it 
Stress. This stress, according to the mode in which it 
acts, may be described as Attraction, Bepulsion, Ten* 
AoB, Pressure, Shearing stresst lorsiant &c« 

AbTICU XXXYIU. — ^EXTUKAL FOBOB* 

But if , as in Article II., we confine our attention to 
one of the portions of matter, we see, as it were, ovlj 
one aide of the transaction — ^namely, thai which afieti 

0 
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the portion of matter nnder onr consideration—and wd 
call this aspect of the phenomenon, with reference to 
its effectt an External Force acting on that portion of 
matter, and mik reference to its cause we call it ihe 
Action of Uie otiier portion of matter. The opposite 
aspect of tbo stress is called tlio Eeaction on the othtii 
portion of matter, 

« 

Abviglb XXXTS*— DxtnmiT Aspects of tbb SiiiB 

Phenomenon. 

In commercial affiedrs fke. same transae&m between 

two parties is called Buying when we consider one 
party, Selling when we consider the other, and Tradd 
when we take both parties into consideration. 

The aecoiintaiit who examines the records of tli# 
tnmsaoiion finds <hat tlie two parties haTc enteted it ca 
opposite sides 0f their respectiye ledgers, andmeom* 
paring the books he must in every case bear in mind in 
whoso interest each book is made up. 

For similar reasons in dynamical investigations we 
mnst always remember whidi of the two bodies we are 
deaUng with^ so that we may state the forces in the 
interest of that body, and not set down any of the iinrces 

the wrong side of Uxo account, 

• ' ARTICLE XL. — ^Newton's Laws op Motion, 

Sztemal or impresiMd £wee considered wiik fife- 

rence to its effect — namely, the alteration of the motions 
of bodies — is completely defined and described in New- 
ton's three laws of motion. 

The first law tells OS mdsr vhat conditions there le ^ 
no external force. 

The second shows ns Jiow to measnre tiie foree when 

it exists. 

The third compares the two aspects of the action 
between. two bodiesi as it efieets the one bodjy oc 4^ 
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FIBST LAW OF MOTION. 3j5 

♦ 

Abxsou Xtil*-— Xn FiEBST haw w IfonoK. 

Law L; — JSvery body pmeveres in iu iUOe of rM or 

of moi^bi^ w/dfofinly in a 9traiffh$ Une, except in so 
far as it is made to change that state by external foi'ces. 

The experimental argument for the truth of this 
law is, that in every ease in which we find an alteration 
of the state ^of motipn of a body, we can trace thi^ 
lUeraiidn;td floij^^ieUMidbbejw fluii body and ttnotber, 
fbat*'^'%o%iy, to an extmiat force. The existence 
of this action is indicated by its effect on the other 
body when the motion of that body can be observed. 
.33108 the motion of a cannon ball is retarded, bat 
this arises from an action between the projectile and 
tti^'air wM6h*0iirrpimd^ it, thereby the ball e:qpe!rience8 
a fdn^ m'f&e &eckm opposite to ite retMre motion; 
while the air, pushied forward by an equal force, is 
itself set in motion, and constitutes what is called the 
of t}ie cannon ball. 
Bat oiir conyieiaon <d the truth of this law may be 
ffteMj atrengthebidd by ebnsidering What id iiivohred ai 
a dei^ of it. Given a body in mdtion. At a given 
instant let it be left to itself and not acted on by any 
force. What will happen ? According to Newton's 
law it will persevere in moving unifonniy in a straight 
KnOt that is^ its velocity will^ lemaii^ eonstant botb in 
diraetioii.aiid magiiitode. . ^ 
' V {be velocity does not remain constant let ns sup- 
pose it to va ry. The change of velocity, as we saw in 
Article XXXI., must have a definite direction and mag- 
nitude. By the maxim of Article XIX* this variation 
must be the same whatever be the time or place of the 

espenmiMti 3%e dimtion ajS chmige cKf motion 

mu^t therefore be determined either by the direction of 
the motion itself, or by some direction fixed in the 
body." • " ' ' ' 

JiOt us, in ti^e first pli^e, suppose the law to be that 
tne- velocity . difiiiiiiHh'ea /at a .certoin rate^/vAidi for the 
MiB of* file argoment we mav suppdse to slow that 
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no experiments on moying bodies eonld we hxn 

detected the dimination of velocity in handredB of 
years. 

The Telocity referred to in this hypothetical law can 
only be the velocity referred to a point absolutely at 
rest. For if it is a reUtive Telocity its directioii as 
weU as its magnitude depends on ttie Telocity of the 
point of reference. 

If, when referred to a certain point, the body appears 
to be moving northward with diminishing velocity, we 
have only to refer it to another point moving northward 
with a nniform velocity greater than that of the body, 
and it will appear to be moving southward with in- 
creasing velocity. 

Hence the hypothetical law is without meaning, un- 
less we admit the possibility of defining absolute rest 
and absolute velocity. 

Even if we admit this as a possibility, the hypothetical 
law, if found to be true, might be interpreted, not as 
a contradiction of Newton's law, but as evidence of 
the resisting action of some medium in space. 

To take another case. Suppose the law to be that a 
body, not acted on by any force, ceases at once to move* 
This is not only contradicted by experience, but it leads 
to a definition of absolute rest as the state which a body 
assumes as soon as it is freed from the action of ex« 
temal forces. 

It may thus be shown that the denial of Newton's 
law is in contradiction to the only system of consistent 
doctrine about space and time wbidi the human mind 
has been able to form. 

Abtiole XLU. — On tbx E^uiubbium of Fobcts. 

If a body moves with constant velocity in a straight 
line, the external forces, if any, which act on it, 
balaouse each other, or are in equilibrium. 

Thus if a carriage in a railway train moves with 
constant velocity in a straight line, the external forcf ^ 
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which act on it — sneh as ihe traetton of lite 6ania^ in 

firont of it pulling it fonvards, the drag of that behind 
it, the friction of the rails, the resistance of the air 
acting backwards, the weight of the carriage acting 
downwards, and the pressure of the rails acting np« 
wards~iniist exactly balance eadi other. 

Bodies at rest witli respect to the surface of the eaarHi 
are really in motion, and their motion is not constant nor 
in a straight line. Hence the forces which act on them 
are not exactly balanced. The apparent weight of bodies 
is estimated by the npward force required to keep them 
«l rest ralatiT^ to the earUu Ihe apparent weight is 
therefore raiber less tbui the attraction of the earth, 
and makes a smaller angle with tho axis of the earth, 
BO that the combined effect of the supporting force and 
the earth's attraction is a force perpendicular to the 
earth's axis just sufficient to cause the body to keep 
to the circular path which it must describe if resting 
on the eaarCh. 



Anncufi XLIIL— Dsvinxtiok ov Equai* Times. 

Tha first law of motion, by stating under what cir« 
eumstances the velocity of a moymg body remains con* 
slatiti siqpplies us witti a method of defining equal 
intervals of time. Let the material system consist of 
two bodies which do not act on one another, and 
which are not acted on by any body external to the 
system. If one of these bodies is in motion with re- 
spect to the othert the relative velocity will, by the first 
law of motion, be constant and in a straight line. 

Hence intervals of time are equal when the relative 
displacements during those intervals are equal. 

This might at first sight appear to be nothing more 
than a definition of what we mean by equal intervals of 
time, an expression wluch we have not hitherto defined 
ataU. 

But if we suppose another moving system of two 

bodies to exist, each of which is not acted upon by 
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9Soy body whatover, this second system will give 
110 an indepoodAnt ntthod of eoinyuriTig intenrab of 

: The statement that equal intervals of time are thoso 
during which equal displacements occur in any such 
system, is therefore equivalent to the assertion tiiAt the 
isomparison of intervalg of time leads to the samo 
xesaH irhB&Bt we use flie finrt Bjsbaak of two l^ts or 
the fieeoild system w tmr tiikie-piebe. ' * 

We thus see the theoretical possibility of comparing 
intervals of time however distant, though it is hardly 
necessary to remark that the method cannot be put in 
pxactice in the neighbourhood of the eaitb» 0t afty othe^ 
laige muBB of gnmteting xnathor^ ' . i 

Abticle XLIV. — Thk Ssooio) Law of Moxiok, 

Law II. — Clumge of viotion is proportional to thB 
impressed Jorce^ and takes jplace in the cUrectim in uJiick 
the force is impressed* 

By motion ITewton means what in modern 8<4entifie 
language is called mbmeniiim» in wliioh {be qiuntiiy of 
matter moved is taken into account as w^ll as the rate 
at which it travels. * ' 

By impressed force he means what is now called Ini^ 
pulse, in which the tme dmnng which the force acts is 
taken into aeeoont as weU as fte intensity of tke^foteob 

Abticls 2U^y,— DsFiKmoN of Equal Massbs of 

Equal Fobcsbs. 

An exposition of the law therefore involves it defini* 
tion of ecpwl quantities of matter and-of equslftifees* 

We shall assume that it is possible to cause the fbrce 
with which one body acts on another to be of the same 
. intensity on different occasions. 

If we admit the permanency of the properties of bodies 
this ean be done* We know that a thread of caontohono 
yrhm stretefaed beyond a certain length cserts a tension 



iriiibh isfietef^&a the Bum the thread is elcyogated. On 
iMOOitiii 43£ l3m property the thread if said to be elastie* 
"When the same thread is drawn out to the same length 

it will, if its properties remain constant, exert the same 
tension. Now let one end of the thread be fastened to 
a bodgr*^ M, not acted on by any other fiorce than tho 
tension of the thread, and Wt the other end be held 
m the lumd and pulled in a constant direction with a 
force jnst snffieient to elongate the thread to a given 
length. The force acting on the body will then be of 
a given intensity, F. The body will acquire velocity, 
and. at the end of a usit of tune thia Telodty will Mvo 
a certain Tahifly Y. 

K tho flame^ ilmig he fiyrteoed to imother body, 
and pnlled as in the former case, so that the elongation 
is the same as before, the force acting on the body 
* will be the same, and if the velocity communicated to 
21 in- a unit of time is also the same, namely th^ 
woiai^f o£ the tare bodies M and N that th^ eomist 
cf etptai quantities of;Biaiter» or, in modem btnguagpg 
they are equal in mass. Jn this way, by the nse of an 
elastic string, we might adjust the masses of a number 
of bodies so as to be each equal to a standard unit 
pf.xnass, such as a pound t^voirdnpois^ which is. the 
atandard of aasaia Batain. 

'Abtigle XLYI. — ^MsAsmucMSNT of Mass* 

The soientific value of the dynamical method of com- 
paring quantities of matter is best seen by compizi&g it 
witk other ntetfaods in aetoal nse. ^ . - 
• bug as we have to do wiA bodmi of exactly the 

same kind, there is no difficulty in understanding how 
the quantity of matter is to be measured. If equal 
quantities of the substance produce equal effects of any 
Imiy we may employ these efiscts aa measures of .the 
fuanti^ ef tiie snbetanee*. 

For mstance, if we are dealing with solplume adid of 
uniform strength, we may e^stimate the quantity of a 
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ghnen portum of it in sevml difisrent imys. We nugr 
weigh it, we may poor it into a graduated vesiel, and 

so measure its volume, or we may ascertain how much 
of a standard solution of potash it will neutralise. 

We might use the same methods to estimate a 
quantity of nitric acid if we were dealing only with 
nitric acid ; bat if we wished to compare a quantify 
of nitrie acid with a quantity of sulphurie acid we 
should obtaLQ different results by weighing, by mea- 
soring, and by testing with an alkaline solution. 

Of these three methods, that of weighing depends on 
the attraction between the acid and the earth, that of 
measQxing depends on the volnme which the aeid 
occopieSy and that of titratiim depends on its power of 
combining with potash. 

In abstract dynamics, however, matter is considered 
imder no other aspect than as that which can have its 
motion changed by the application of force. Hence 
any two bodies are of equal mass if equal fbiees applied 
to these bodies produce, in equal times, equal ehamges 
of velocity. Tlus is the only definition of equal masses ' 
which can be admitted in dynamics, and it is applicable 
to all material bodies, whatever they may be made of. 

It is an observed fact that bodies of equal mass* 
placed in the same position relative to the earth, are 
attracted equally towards the earth, whatever they are 
made of ; but this is not a doctrine of abstract dynamics, 
founded on axiomatic principles, but a fact discovered 
by observation, and verified by the careful experiments 
of NewtoUi* on the times of oscillation of hollow wooden 
balls suspended by strings of the same length, and con- 
taining gold, silver, lead, glass, sand, common salt, 
wood, water, and wheat. 

The fact, however, that in the same geographical 
position the weights of equal masses are equal, is so 
well estabUshed, that no other mode of comparing 
masses than that of comparing their weights is ever 
made use of, either in eommeree or in scienee, except 

♦ "Principia," HI^ Prop. 6. 
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m raMfehfiB undertaken for Hbe special ponoBe of 
detormining in absolute measnre the weight of unit of 

mass at diflferent parts of the earth's surface. The 
method employed in these researches is essentially the 
same as that of Newton, namely, by measuring the 
length of a pendulum which swings seconds. 

The unit of mass in Jliis country is defined by the 
Act of ParUament (18 ft 19 Vict c 72, July 80, 18S6) 
to be a piece of platinum maiked ** P. S., 1844, 1 lb." 
deposited in the office of the Exchequer, which shall 
be and be denominated the Imperial Standard Pound 
Avoirdapoia.'' One seven-thousandth part of this 
poind is a grain* The French standard of mass is 
the Eilograaune des Arehives," made of platinum 
by Borda. Professor Miller finds the kilogramme equal « 
to 1S482.31874 grains. 

Abticle XLYII. — ^NuMEBicAL Measubeuknt or 

FOBCE. 

The unit of force is that force which, acting on the 
unit of mass for the unit of time, generates onit of 
velocity. 

Xhus the wdght of a granune^thftt is to say, the 
fbree whieh causes it to M— may be ascortamed by 
letting it fall freely. At the md of one second its 

velocity will be about 981 centimetres per second if the 
experiment be in Britain. Hence the weight of a gramme 
is represented by the number 981, if tiie centimetre, 
the granune, and the second are taken ap the fonda- 
mental nnita. 

Ik is sometmiee convenieni to compare fmrcee with 

the weight of a body, and to speak of a force of so 
many pounds weight or grammes weight. This is 
called Gravitation measure. We must remember, how- 
ever, that though a pound or a gramme is the same all 
over the world, the weight of a poond or a gramme ia 
. greater in high latitudes than near the equator, and 
therefore a measurement of force in gravitation measure 
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fo of AO mentifio 'vbIm nakss it is slttted m wiMit pttfc 
of the world the HMaflumntni wm made* 

If, as in Britain, the units of length, mass, and time 
are one foot^ one pound, and one second, the unit of 
fbcce J$ that which, in one second, would oommunicate 
to one pound a velocity of one foot per fleooiuL This 
ludt of £woe jf oilled a i\?tiiM^^ 
' III file Franeli metrie syBtem the usifai are 0M 
centimetre, one gramme, and one second. The force 
which in one second would communicate to one gramme 
a velocity of one centimetre per seoond ig called a 
Dyne* 

f&m tho foot 18 BtHOVI oeotiitieties and tto 
MMd 18 gramsMSy the poosdid ia IttSS^aS 

dynes. — > 

AsKiQUS 'XINJIL — SnnmTAMBoim Aomn or Fqbgbs 

A Body. ' 



Now let a mii of force act for unit of time upon Quit 
of mass. The velociiy of the mass will be changed, 
and the total acoeleratiop will be unity in the direction 
of the force. 

The maguitode and direction of this total aeeeieration 
will be the same whether the body is odguially at reafe 
or maHoB* For the expression at rest" hiui.no 

scientific meaning, and the expression in motion," if it 
refers to relative motion, may mean anything, and if it 
refers to absolute motion can only refer to some medium 
fi^ed in space. Todiseaver tbe eTifltRnefl of a medium^ 
aad to dietermine our veloeity with respect to it bj 
(4imrvati<m eoa the moticMi of bodies^ is a kgiiiiBate 
seientifie inquiry, but supposing all this done we should 
have discovered, not an error in the laws of motion, 
but a new fact in science, 

Benoe tbe effect of a given force on a body does not 
depend on tbe motion of that body. 

Neitber is it a£footed by the simultaneons aoiion of « 
other forces on the body. For the effect of these 
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ftveeS'Cm llie boAjr' i» only to {nrodiiee motfini in tb# 

body, and this does not aUbct tliu acceleratioii produced 
by tiie first force. 

Hence arrive at the fallowing form of the law. 
When (my number of forces act mi a body, th$ occdtr^^ 
tUm ditf U> #a€!& fcf0$ t9 the $amB m direciicn and vutg- 
nUude as if the anthers had mot heem in acHon* 

When a force, constant in direction and magnitude, 
lustfi on a body, the total acceleration is proportional 
the interval of time during which the force acts. t 

For if the force produces a certain total aeeekiraiion 
in a given intenrad of tune^ it will pxodnae an efoal 
total aeeelerafion in the next, because the effeet o^ ffie 
force does not depend upon the velocity which the 
body has when the force acts on it. Hence in every 
equal interval of time there will be an equal change of 
tiie velocity, and the total change of velo6itijr.'£rom the 
faginiing of the motton will be proporlional-ta the tiaia 
of aetioh of the Ibree. 

The total acceleration in a given time is proportional 
to the force. 

For if several equal foreesact in the same direction 
wihe same body in the same diraetion, eaeli pEodnees 
Ui^flffMi independently of the often. Haneo tte total 
aoee ler aBo o is proportional to the number of the equal 
forces. 

AnnoLB XIJX.— -On Iicpulse. 

The totol oflEeet of a foree in eonmmiieating velocity 

to a body is therefore proportional to the force and to 
the time during which it acts conjointly. 

The product of the time of action of a force into its 
intensity if it is constant, or its mean intensify if it is 
variable, is called the Im^f/uke of the foroe. 

There are eertain eases in whieh a foree aets for so 
short a time that it is difficult to estimate either its 
intensity or the time during which it acts. But it is 
eomparatively easy to m^ure the effect of the force 
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in altering the motion of the body on which it acts, 
which, as we have seen, depends on the impulse. 

The word impulse was originally used to denote the 
effect of a force of short duration, such as that of a 
.hammer striking a nail. There is no essential differ- 
ence, however, between this case and any other ease 
of the action of force. We shall therefore use the 
word impulse as above defined, without restricting it 
to cases in which the action is of an exceptionally 
transient character. 

AbXIOIiIK L. — ^lUXATIOM B£TW££N FOBGS AND MaSS. 

If a force acts ou a unit oi mass for a certam 
interval of time, the impulse, as we have seen, is 
measured by the velocity generated. 

If a number of equal forces act in the same direction, 
each on a nnit of mass, the different masses will all 
move in fhe same manner, and may be joined together 
into one body without altering the phenomenon. The 
velocity of the whole body is equal to that produced by 
one of the forces acting on a unit of mass. 

Hence the force required to produce a given change 
of velocity in a given time is proportional to the nnm* 
ber of nuts of mass of whieh the body eonsists* 

AnnoLB LI. — On M oubntum. 

The nnmerical valne of the Momentum of a body is 
the product of the number of units of mass in the body 

into the number of units of velocity with which it is 
moving. 

The momentum of any body is thus measured in 
terms of the momentum of unit of mass moving with 
unit of velocity^ which is taken as the unit of momen- 
tum. 

The direction of the momentum is the same as that 
of the velocity, and as the velocity can only be estimated 
with respect to some point of reference, so the particular 
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value of tho momentxun depends on fhe point of refer- 
ence which we agsume. The momentum of the moon, 
for example, will be very different according as we take 
the earth or the emi for the point of referemee. 

m 

Abvicu UI. — Statbmemt of ths Ssoomd Law of 

MoiXON IN Te^MS of ImFULSB Al^D MOMENTUM. 

The change of momentum of a body is numerically equal 
to the impulse which producu i^, and is iii the same 
direction. 

Abtiolb TiTTT. — Additiom of Fobcxbs. 

If any number of forces act simultaneously on a 
body, each force prodnces an acceleration proportional 
to ite own magnitude (ijrtiele XLVI.)* Henee if in the 
diagram of accelerations (Article XXXIV.) we draw from 
any origin a line representing in direction and mag- 
nitude the acceleration due to one of the forces, and 
from the end of this line another representing the accele- 
ration due to another force, and so on, drawing lines 
for each of the forces taken in any order, then tibe line 
drawn from the origin to the extremity of the last of 
the lines will represent the acceleration due to the com- 
bined action of all the forces. 

Since in this diagram lines which represent the 
accelerations are in the same proportion as the forces 
to which these accelerations are dne, we may consider 
the lines as refmsenting these forces themselves. 
The diagram, thus understood, may be called a Diagram 
of Forces, and the line from the origin to the extremity 
of the series represents the Resultant Force. 

An im^portant <»se is that in which the set of lines 
representmg the forces terminate at the origin so as to 
form a closed figure. In this case there is no resultant 
force, and no acceleration. The effects of the forces are 
exactly b^Uanced, and the case is one of eqoihbrium. 
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The discussion of eases of egpiCbriiim bmB the lubjeofc 

of the science of Statics. 

''-It is manifest that since the system of forces ia 
exactly balanced, and is equivalent to no force ali^ 
{he foireee wll also be balanced if they act in the same way 
on any other material system, whatever be the mass oS 

that system. This is the reason why the eonsideraitfoa 
of mass does not enter into statical investigations. 

* . Asficu lilV.— ^Etas TemD Law of Wmpasu 

Law nL — Btaetion is olwaijfB tqwd tmd appamU to 
action, that i$ to say, the aeticm of two bodies upon each 

other are alicays equal and in opposite directions. 

When the bodies between which the action takes 
place are not acted on by any other force, the changes 
in their respeetive momenta prodooed by the aotion are 
equal and in opposite directioiis. ■* 
' The changes in ike velodties of the two bodies are 
also in opposite directions, but not equal, except in the 
dase of equal masses. In other cases the changes of 
velocity are in the inyerse ratio of the masses* ^ 

^ziOLB LV. — ^Action and Reaction are the Partial^ 

Aspects of a Stress. 

• - - 

Wo have already (Article XXXIH.) used the worcl 
Stress to denote the mutual action between two portions 
iMr^tter. This word was borrowed firom eomiBoil 
knguageiittid hivesled wi& a precise seientifie meaning 
fly -the tefee Professor Bankine, to whom we are indebted 
for several other valuable scientific teims. 
' As soon as we have formed for ourselves the idea of 
a stfejss, such as the Tension of a rope or the Pressure 
teiWee^ two bodies, and have recognised its doable 
iEtspecisfr it aflbets the two portfons of matter between 
"m^h it acts, the third law of motion is seen to be 
eqtdvalent to the statement that all force is of the nature 
of stressi that stress exists only between two portions 
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of matter, and that its effects on these portions of 
-mMex (meafiored by the momentum generated in a 
given time) are eqnal and opposite* 
" The stress is measured nnmerieally hy the force 

exerted on either of the two portions of matter. It is 
distinguished as a tension when the force acting on 
eith^ portion is towards the other, and as . a jpras^Bre 
when the foree acting on eifber portion is away from 
the ottLer« 

"When the foree is inoHned to the flmifiiito' %liieh 

separates the two portions of matter the stress cannot 
be distinguished by any term in ordinary language, but 
must be defined by technical mathematical terms. 

When a tension is exerted betweei^ two bodies by the 
medium of a string, the stre^B, properly speaking, is 
between any two parts into whioh the string may be 

supposed to be divided by an imaginary section or 
transverse interface. If, however, we neglect the weight 
of the string, each portion of the string is in equilibrium 
under the action of the tensions at its extremities, m 
tbttk tbe ttosioiia at any two tnmasrerse intetftcee of the 
nb&ag must be tiie same. For this imboh we often 
speak of the tension of the string as a whole, without 
specifying any particular section of it, and also the 
tension between the two bodies, without considering the 
aaiare of the string through whioh the teimon is 
exertedr 

AND RbFULSIOK* 

Theate are other cases in which two bodies at a dis- 
tanoe appear mutually to act on eaeb other, though we 

are not able to detect any intermediate body, like the 
string in the former example, through which the action 
takes place. For instance, two magnets or two electri- 
fied bodies, appear to act on each other when placed at 
dcmsiSerable distamces apart, aind iibe motions of the 
fic^vebfy bodies are observed to be nJected in a maime^ 
which depends on their relative position. • • ' - •' 
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This mutual action between distant bodies is called 
attraction when it tends to bring them nearoTi and 
repulsion when it tends to separate them. 

In all cases, however, the action and X8aoti0ii between 
ihe bodies aie equal and opposite. 

kBiamM hVJL — Tm Ibibd Law Tsm of Aonov at 

▲ DiSTANGB. 

The fact thai a magnet draws iron towards it was 

noticed by the ancients, but no attention was paid to the 
force with which the iron attracts the magnet. Newton, 
however, by placing the magnet in one vessel and the 
iron in another, and floating both vessels in water so 
as to touch each other, showed experimentally that as . 
neither vessd was able to propel the other along with 
itself throngh the water, the attraction of the iron on 
the magnet must be equal and opposite to that of the 
magnet on the iron, both being equal to the pressure 
between the two vessels* 

Having given this expeiimental illustration Newton 
goes on to pwit out the consequence of denying the 
truth of this law. For instance, if the attraction of any 
part of the earth, say a mountain, upon the remainder 
of the earth were greater or less than that of the remain- 
der of the earth upon the mountain, there would be a 
residual force, acting upon the system of the earth and 
the mountain as a whole, which would cause it to move 
off, with an ever-increasing veloeityi through infinito 
space. 

Abtiolb LVin. — ^Newton's Pboof not EzneBniBiiTAL. 

This is contrary to the first law of motion, which 
asserts that a body does not change its state of motion 

unless acted on by external force. It cannot be afltened 
to be contrary to experience, for the effect of an in- 
equality between the attraction of the earth on the 
mountain and the mountain on the earth would be tho 
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same as that of a force equal to the difTerence of these 
attractions acting in the dureoiion of the line joining iho 
^^nire of the eairth mth the iaoimtain« 

If fhe moim&in at the equator ihe earth vfovid 
be made to rotate about an axis parallel to the axis 
about which it would otherwise rotate, but not passing 
exactly through the centre of the earth's mass. 

If tiie mountain were at one of the poleSi the con* 
atant force parallel to the earth's azia^ would cause the 
orl)% df ihe eaHb about tiie sun to be siightly ataifited 
to the north or soutli of a plane passing through tiio 
centre of the sun's mass. 

If the mountain were at any other part of the earth's 
sox&ce its e£fect would be partly of tho one kind and 
partly of the other. 

Neither of these elbets> unless they were very large, 
could be detected by direct astronomical observations, 
and the indirect method of detecting small forces, by 
their effect in slowly altering the elements of a planet's^ 
orbity presupposes that the law of gravitation is known 
to be tmey To f rove the laws of motion by the law of 
gravitation wotda be an inversion of sdcDutifie order. 
We might as well prove the law of addition of numbers 
Iff the differential calculus. 

We cannot, thereforci regard Newton's statement as 
an appeal to experience aad observation, but rather as 
A deduction of the third law of mcAion frenr the tott- - 



Ofit.TBB m>mmsB of the gentilk oie uabq a 

Wb have seen that a vector represents the operation 
of canTisg a tiftdnig point &om a given origm to a giyen 
point* 
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Let UB define a mass-vector as the operation of carry- 
ing a given mass from the origin to the given point. 
The direction of the mass-vector is the same as that of 
the veetor of the mass, bat its magnitade is the product 
of the HUMS uito the vector of the mass. 

Thus if Q"X is the vector of the mass A| the mass- 
vector is OA* A. 



Aeviclb LX« — CsNTBS or Mass of Two PASnoLss. 

If A and B are two masses, and if a point C be taken 
in the straight line AB, so that is to c~K as A to B, 
then the mass-vector of a mass A-f B placed at 0 is 
equal to ttie Sam of the mass-vectors of A and B. 
For OA'A + OB B zz (QC-f C A) A-f (oc-f CB)B. 

= O C (A+B) 4-c a A 4- C ii-B . 
Now the mass-vectors C A*A 
^ and C~B*B are eqaal and 

opposite, and so destroy 
\l /^>>^ oftch other, so tibat CTA'A-J- 
.7 / OlS-BirOC (A-fB) 

J« / / or, C is a point such that if 

•* \ /y/^ the masses of A and B were 

Qj/^ concentrated at 0, their 

mass-vector from any origui 
0 would be the same as 
when A and B are in their actual positions. The point 
G is called the Centre oj Ma^ of A and B. 



Abtigls LXL — CsKXBE OF Mass of a Sysxem. 

If the system consists of any number of particles, we 
may begin by finding the centre of mass of any two 
particles, and snbstituting for the two particles a particle 
eqnal to their sum placed at their centre of mass. We 
may then find the centre of mass of this particle, to- 
gether with the third particle of the system, and place 
the sum of the three particles at this pointy and so on 
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till wd have firand the eentre of mass of the whole 
Byeteni* 

The meM-veetor drawn from any origin to a mass 

equal to that of the wholo system placed at the centre 
of mass of the system is equal to the sum of the mass- 
vectors drawn from the same origin to all the particles 
of the system* 

It follows, from the proof in Article ULf that the 
point fpond by the eonatmetion here given eatisftea this 
condition. It is plain from the condition itself that 
only one point can satisfy it. Hence the construction 
must lead to the same result, as to the position of the 
centre of mass, in whatever order we take the partidea 
of the Bjatem. 

The centre of maaa ia therefore a definite point in 
the diagram of tho configuration of the system. By 
assigning to the different points in the diagrams of dis- 
placement, velocity, total acceleration, and rate of 
acceleration, the masses of the bodies to which they 
coneBpond, we may find in each of these diagrama a 
point which corresponds to the centre of maaa, and 
indicates the displacement, velocity, total acceleration, 
or rate of acceleration of the centre of ma^s. 



A&tiolbLXIL — MomviniBBPBiasxnD as xhbIUtb 
or Obanos of a MAaa^YBcroB. 

In the diagram of velocitiea, if the points o, a, 2>, c, 
correspond to the velocities of the origin 0 and the 
bodies A, B, C, and if p be 
the centre of mass of A and Kg. S. 

B placed at a and b respec- g \ I 

tively, and if 9 is the centre 
of mass of A+B placed at p 
and 0 at c, then g will be the 
centre of mass of the system 
of bodies A, B, C, at a, 6, c, • ^ 
respectively, 

Xhe velocitgr of A with respect to 0 ia indicated by 
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the vector o a, and that of B and C by oT and oc« op 
is the velocity of the centre of mass of A and B, and 
that of th6 ceutrd of mass of A, B, and C, mth 
respeet to O. 

The laomentiim of A witb reBpeoi io.O is tbe product 
of the velocity into the mass, or o a'A, or what we hasf^ 

akeady called the mass-vector, drawn from o to tb0 
mass A at a. Similarly the momentum of any otlier 
body is the mass-vector drawn from o to the point on 
the diagram of velocities eoRespondiDg to that body, and 
the xnomentam of the mass of the BTsteoi doncenixated 
at the centra of mass is the masB- vector 4niw& from ^ 
to the whole mass at q, ' ' * 

Since, therefore, a mass-vector in the diagram of 
velodties is what we have akead; defined as a momeu;^ 
iam, w» may atate ttie property ]^ved in Article LXI,,- 
in terms of momenta, flinB ) ThemonkeDtiml^of a mas^ 
equal to that of the whole syisAeni; naottog irtlk-'ifc 
velocity of the centre of mass of the system, is eqiisl-W 
magnitude and parallel in direction to the sum of the- 
momenta of all the particles of the systemi - - 



ABTICLB TiTTTT . — EfFBOT 09 EXTEBMAL FOBOES OK 

• TffK Motion ojf the. Ckntee of Mass^. ' * 

In the same way in the difty*|*» of Total Ap^seleratlpn 
the vectere JTSf iTif dnwrawmi thfe c^igb, represent 

tiie change of velocitj of 
35ig.«. the bomes A, B, Ac. 

during a certain interval 
"~P of time. The corespond- 
ing mass-vectors, » a.A, 
» 51I.B., &c., represent the 
/ X eonespondii^ dianges of 

IU« / \ • momentum, or, by the 

y ' second law of motion, the 

impulses of the forces 
aciiiig on these foodies during that mterval of time. 
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U jt^ :ttue eentre 6t mass of ihe qretem, ^ is ihe 

cbange of velocity during the interval, and «~*c 
{A+B-f C) is the momentum generated in the mass 
concentrated at the centre of gravity. Henc6» by 
AxtudaLXL, the change of momentmn of ihe imagmary 
mass a|«al to thai of the whole fliyetem eoneentrated at 
Hhe ^mM» 43t mtm is equal to Hie aom of the efaangea 
of momentum of all the difierent bodies of the system. 

In virtue of the second law of motion we may put 
this result in the following form :— 

The effect of ihe forces acting on the different bodies 
-of ihe imtem in alterii^ the< moibn 4ji the centre of 
onass orthe system is '&e saihe as if aU these lorcw 
had been applied to a mass equal to the whole mass of 
system, and coinciding with its centre of mass. 

AnnoLB LXIV* — Tbe Motion of tbb Cxmibb of Mass 
r ^, A StstbK'IS not AjrFxovjBD"n sn Mutval 

Action of th^ Pabis of the System. 

' For if there is an action between two parts of the 
system, say A and B, the action of A on B is always, 
by the ttiird law 'of motion, e^nal and opposite to the 
fHaeiMk o£'£'on A; The momentmn generated in B 
by tile faetiott of A dnring any inteml is therefore 

equal and opposite to that generated in A by the 
reaction of B during the same interval, and the motion 
of the centre of mass of A and B is therefore not 
affected by their mutual action. 
^ Womay apply the zesolt ^f the last artiele to this 
«ase and say» fliat since the forces on A and onB arising 
from their mutual action are equal and opposite, and 
since the effect of these forces on the motion of the 
centre of mass of the system is the same as if they had 
. been apphed to a particle whose mass is equal to the 
iriioie mass of the system, and since the effect of two 
ftifces equal and opposite to each other is zero, the 
motion of the centre of mass will not be affected. 
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Abticle LXY. — ^FiBST AND Second Laws of Motion. 

This is a very important result. It enables ns to 
render more precise the enunciation of the first and 
second laws of motion* by defining that by the velocity 
of a body is meant the Telocity of its centre of mass. The 
body may be rotating* or it may coiuist of parts, and be 
capable of changes ot confignnSkkm, so that the motions 
of different parts may be diifereut, but we can still 
assert the laws of motion in the following form : — 

Law I. The centre of mass of the system perseveres 
in its state of rest, or of uniform motion in a straight 
line* eieept in so &r as it is made to change that state 
by forces acting on the system from without. 

Law n. The change of momentum of the system 
during any interval of time is measured by the sum of 
the impulses of the external forces daring that interval. 

Abtiole LXYI. — Method of Tbbatimo Systems of 

Molecules. 

When the system is made up of parts which are so 
small that we cannot observe them, and whose motions 
are so rapid and so variable that even if we could 
observe them we could not describe them, we are 
still able to deal with the motion of the centre 
of mass of the system* becanse tiie internal fimes 
which cause the variation of the motion of the parts 
do not aiiect the motion of the centre of mass. 

Article LXVll. — By the Ljtroduction of the Idea of 
Mass we pass from Point- Vectors, Point Displace- 
ments, Velocities, Total Accelerations, and Rates 

OF AcCELEBATIONi TO MaSS-VsOTOKS, MaSS DiSPLAGB* 
XBNTSy MoKERTAf hoVLSKBf AMD MOVIHO FOBGBS. 

Li the diagram of rates of acceleration (Fig. 9, 
Article^ LXIIL) the yectors iTi, HTfif te., drawn from 
the origin, represent the rates of accetoaticin of the 
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bodies A, B, &c., at a given instant, with respect to 
that of the origin 0. 

The corresponding masfl-rectors, ^.A, J~^.B, &c., 
represent the forces acting on the bodies A, B, &c* 

We sometiuMS speak of several forces acting on a 
body, when the force acting on the body arises from 
seven! different eanses, so that we naturally eonsider 
the parts of the force arising from these different causes 
separately. 

Bat when we consider force, not with respect to its 
causes, but with respect to its e&ct — ^that of altering 
the motion of a body — ^we speak not of the forces, bat 
of the force acting on the body, and this force is 
measured by the rate of change of the momentum of 
the body, and is indicated by the mass- vector in the 
diagram of rates of acceleration. 

We have thus a series of different kinds of mass- 
Tectors corresponding to the series of vectors which we 
hsife abeady discussed. 

We have, in the first place, a system of mass- vectors 
with a common origin, which we may regard as a 
method of indicatiog the distribution of mass in a 
material system, just as the corresponding system of 
rectors indicates the geometrical confignration ci the 
system. 

In the next place, by comparing the distribution of 
mass at two different epochs, we obtain a system of 
mass- vectors of displacement. 

The rate of mass diqilacemcnt is momentum, jnst as 
the rate of displacement is velocify. 

The change of momoDtum is impulse, as the change 
of velocity is total acceleration. 

The rate of change of momentum is moving force, as 
the rate of change of velocity is rate of acceleratiozu 

Amou LXYULI. — Definition of a Mass-Absa, 

When a material particle moves from one point to 
pother, twice the area swept out by the vector of the 
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partide moltiplied by the mm of ihe pftrtMlQ i$ ^oallei 
the mass-area of ttie displaeemeziC of fhe par&sle 

with respect to the origin irom which the vector is 
drawn. 

If the area is in one plane, the direction of the znass- 
area is normal to the plane, drawn so thaty lookiiig in 
flw podtiTe direetion along tiie nonoalt the motion of 
the partfeto ronnd its area appears to be flie direetion 
of the motion of the hands of a watch. 

If the area is not in one plane, the path of the 
particle must be divided into portions so small that 
each coincides sensibly wifch a stzaic^t line, and the 
mass-areas corresponding to these portions mnst be 
added together by the nde foot the additkm of 
vectors, 

♦ 

Abtiolb LXIX. — ANOu^iAn HbuEKTcir. 

The rate of change of a ma8s-«rea is twice the mass 
of the particle into the triangle, whose TertcK is fhe 

origin and whose base is the velocity of the particle 
measured along the line through the particle in the 
direction of its motion. The direction of this mass- 
area is indicated by the normal drawn according to the 
role given above. 

The rate of change of tiie mass-area of a partide fa 
called the Angular Momentum of the particle about the 
origin, and the sum of the angular momenta of all the 
particles is called the angular momentum of the system 
about the origin. 

The angobur momentom of a material system^ ^viitii 
respect to a point is, therefore, a quantity* having a 
definite direction as well as a definite magnitude. 

The definition of the angular momentum of a particle 
about a point may be expressed somewhat di£ferently 
as the product of the momentem pf , the particle 9vith 
respect to that point into the perpendicular from that 
point on the Ime of motion of tbe particle at 'ttat 
instant. • ' 
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Abtiols liSX — MoMmx of a Fobcs' about a Point. 

The rate of inorease of the angnlar moTnentam of 
ft paiticle is the eontinned prodnct of' flie- rate of 
Mceleratiod of fhe Teloeify of the paiiide into Hie 

mass of the particle into the perpendicular from the 
origin on the line through the particle along which 
the acceleration takes place. In other words, it is the 
pvodnet of the moving force acting on the particle into 
the perpendieobr from the origin on the line of aotioii 
ofthisforoe* 

Now the prodnct of a- force into the perpen- 
dicular from the origin on its line of action is called 
the Moment of the force about the origin. The axis of 
fhe moment, which indicates its direction, ie a vector 
Arawn perpendienlar to the |diine paeasig flubt^ the 
fovee fmA the origin, and m snch a mreetfam that, 

looking along this line in the direction in which it is 
drawn, the force tends to move the particle round the 
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Hence the rate of change of the angidar 
of a pailliele abont the origin is ifteasared by tile 
moment of tiie tme whidi aete on the partuile abont 

that point. " '■ ' 

The rate of change of the angular momentum of a 
material system about the origin is in like manner 
Ikieainired by the geometric sum ci the momenta 
of file foieetf which act cte fhe partfolea of tiie 
system. 

AnxicLB LXXI. — GoNSEBYATioN OF Angulab Mo- 

HENTUM* 

Now consider any two particles 4d the system. The 
forces acting on these two particleSy arismg from their 
mntaal actiony are eqoal, opposite, and in the eame 

straight line. Hence the moments of these forces 
about any point as origin are equal, opposite, and about 
fhe same axis. The sum of these moments is therefore 
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saro. In like maimer the mntnal action between every 

other pair of particles in the system consists of two 

forces, the sum of whose momente is zero. 

Hence the mutual action between tho bodies of a 
material sjstem does not aiiect the geometric sum of 
the momenta of the forces. The only forees, therefore, 
which need be oonaidered in finding the geometric som 
of the moments are fliose which are external to the 
system — that is to say, between tho whole or any 
part of the system and bodies not included in the 
system. 

The rate of change of the angular momentnm of the 
system is therefore measured by the geometric sum of 
the moments of the external forces acting on the 

system. 

If the directions of all the external forces pass throupfh 
the origin, their moments are 2er0| and the angular 
momentom of the system will remain constant. 

When a planet describes an orbit abont the inm, 
the direction of the mntaal aettoH between the two 
bodies always passes through their common centre of 
mass. Hence the angular momentum of either body 
abont their common centre of mass remains constant, 
so &r as these two bodies only are concerned, though 
it may be affected by the action of other planets. V, 
* howerer, we inchide all the planets in the system, the^ 
geometric sum of their angular momenta about their 
common centre of mass will remain absolutely con- 
stant, whatever may be their mutual actions, provided 
no force arising from bodies external to the whole solar 
system acta in an unequal manner upon the diflCsrent 
members of ibe system* 
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CHAPTER Y. 

ON WOBf Ain) BNSBGY. 

Abticle LXXII. — ^Definitions. 

WoKK is the act of j)Toduciny a change of configuration 
in a system in oj^odtian to a Joice which remt$ thai 
change, 

Ekebgy is the eapaeity doing work* 
When the nahire of a material tyetem is such thai 
if, after ike system has undergone any series of changes^ 

it IS brought back in any vianner to its original state ^ 
the whole work done by external agents on the system 
is equal to the whole work done by the system in over^ 
earning external farceSf the system is caUsd a Con* 

SEBYATIVB STSTEK* 



AbtioiiE LXXTTT, — ^PfiiNciFLB . OF (kms&yhxim txr 

Enebgy. 

The progress of physical scienee has led to the dis- 
covery and investigation of different forms of energy, 
and to the establishment of the doctrine that ail 
material systems may be regarded as conservative sys* 
terns, provided that all the diflerent forms of energy 
whieh exist in these systems are taken into aeeonnt. 

This doctrine, considered as a d^^otion from ob« 
servation and experiment, can, of course, assert oo 
more than that no instance of a non-conservative 
system has hitherto been discovered. 

As a scientific or science-producing doctrine, how* 
ever, it is always acquiring additional credibility finmi 
the constantly increasing nmnber of dednctionB whidi 
have been drawn from it, and which ai'e found in all 
cases to be verified by experiment. 
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In &ot tho doctrine of the Conservation of Energy is 
the (me generaluied statement vhioh is fonnd to be 
oonsistent iriih fiiet, not in one physical soienee only, 

but in all. 

When once apprehended it furnishes to the physical 
inquirer a principle on which he may hang every Imown 
law relating to physieal aetions, and by which he may 
be pnt in the way to discover the relations of soch 
actions in new branches of science. 
' For such reasons tho doctrine is commonly called the 
Principle of the Conservation of Energy. 

^BTiaU liXXiy. — GsHKBAIi STAmCBIfr or THB "BSOh 

' ' CIPLE OF JliK CONSESVATION OF EnEBGY. 

> • The total tnerffij of any maimial system is a qtumtity 
which can neither be increased nor diminished by any 
action between the ^;a?'^s of the system ^ thouyh it may he 
tftmisfQ/rvMA into- any of the forms of wkiok energy u 
susceptible* 

If, by the action of some agent external to the sys- 
tem, the configuration of the system is changed, while 
the forces of the system resist this change of configura- 
tion, the external agent is said to do work on the 
system. In this case the energy of the system is in- 
creased by the amount of work done on it by the 
tsteraal agent. 

. If, on the contrary, the forces of the system produce 
a change of configuration which is resisted by the 
external agent, the system is said to do work on the 
external agents and the energy of the system is dimin- 
ilsKhed by Idbe aoKnint of work whitdi it does. 
' Woiik, therefore, is a transferenoe of energy from . 
one system to another ; the system which gives out 
energy is said to do work on the system which receives 
it, and the amount of energy given out by the first 
system is alwsys exactly equal to that received by the 
^iKiond. 

U, tihereforei we include both ^sterns th one larger 
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systemi the energy of the total system is neHiher 
increased nor diiuinished by the action of the one par- 
tial systeiu on the other. 

AmouB ISSN* — Mbasctxhsmt Q7 Wobk. 

Work done by an external agent on a material sysjteni 
may be described as a change in the confignration of 

the system taking place nnder the action of an external 
force tending to produce that change. 

Thus, if one pound is lifted one foot from the ground 
by a man in opposition to the force of gravily, a cer* 
lain amount of work is done by the nisn» .and ibis 
quantity is known among engineers as one foot*poiixid; 

Here tiie man is the extemid agent, the material system 
consists of the earth and the pound, the change of con- 
figuration is the increase of the distance between the 
matter of the earth and the matter of the pound, and the 
tdtee is the upward force exerted by the man in lif&g the 
pound, which is eqnal and opposite to tlie wdgjfat of fhA 
pound. To raise the pound a foot higher would, if 
gravity were a uniform force, require exactly the same 
amount of work. It is true that gravity is not really 
nniform, but diminishes as we ascend from the earth's 
sor&ee, so that> foot-ponnd is not an aeeuaiely known 
quantity, nnlesk we speexiy lira mt^sity of gravity at 
the place. But for the purpose of illustration we may 
Assume that gravity is uniform for a few feet of ascent, 
and in that case the work done in lifting a pound would 
be one foot-pound for every foot the pound is lifted. 

To raise lnw^ty .ponnda of water ten feet liig|i 
r^equires 200 fboVponnds of work To raise one pomia 
ten feet high requires ten foot-pounds, and as there are 
twenty pounds the whole work is twenty times as 
much, or two hundred foot-pounds. 

The quantity of work done is» therefore, proportion^ 
to the product of the numbers representing tiie force 
exerted and^fbe displacement in the direction of the 
force. 
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Jn the case of a foot-pound the force is the weight of 
a pound — a quantity which, a8 we know, is difi'erent iu 
ditferent places. The weight of a pound expressed in 
absolute measure is nnmcrically equal to the intensity 
of gravity, the quantity denoted by ^, the ruble of 
whieh m ponndals to flie ponnd yaries from 88*327 at 
the pole to 82*117 at the equator, and diuiinishes 
without limit as we recede from the earth. In dynes 
to the gramme it varies from 978*1 to 983*1, Hence, 
in order to express work in a oniform and consistent 
manner, we must multiply the number of foot-pounds 
by the number representing the intensity of gravity at 
the place. The work is thus reduced to foot-poundals* 
We shall always understand work to be measured in 
this manner and reckoned in foot-poundals when no 
other system of measurement is mentioned. When 
vrark is expressed in foot-pounds the system is that of 
gravitaHm^meawres^ whieh is not a complete system 
unless wo also know the intensity of gravity at the 
place. 

In the metrical system the unit of work is the Erg, 
which is the work done by a dyne acting through a 
eentimetre. There are 421898*8 ergs in a foot- 
poundal. 

AnxiGLB LXXVL — f otbktul Ensboy. 

The work done by a man in raising a heavy body is 
done in overcoming the attraction between the earth and 
ihat body. The energy of the material system, consist- 
ing of the earth and the heavy body, is thereby increased. 
If the heavy hoJy is the leaden weight of a clock, thd 
energy of the clock is increased by winding it up, so 
that the clock is able to go for a week in spite of the 
(riction of the wheels and the resistance of the air to the 
motion of ihe pendulum, and also to give out eoeim in 
other forms, such as the communication of the mira- 
tions to the air, by which wc hear tlie ticking of the 
dock. 
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"V^Tien a man winds up a watch he does work in 
changing the form of the mainspring hy coihng it ttp« 
The energy of the mainspring is thereby increased^ so 
that as it uaodils itself it is able to keep the watch 
gping. 

In both these cases the energy communicated to the 
system depends upon a change of configuration. 

AbxigiiB XiXXVIL — Knxzno Emeboy, 

Bat in a very important class of phenomena the work 
is done in ebanging the Telocity of the body on which 
it acts. Let us take as a simple case that of a body 

moving "svithout rotation under the action of a force. 
Let the mass of the body be M pounds, and let a force 
of F poundals act on it in the line of motion during on 
interval of time, T seconds. Let the velocity at the 
beginning of the interval be Y and that at the end V 
feet per second, and let the distance travelled by tiie 
body during the time be S feet. The original momen- 
tum is M V, and the final momentum is M V, so that 
the increase of momentum is M (V — V), and this, by 
the second law of motion is equal to F T, the imjniUe 
of the £Dfce F aoting for the time T. Hence— 

FT=M(Y -Y). (1) 

Since {Im vdoeity inereases miifonnly with the time, 

the mean velocity is the arithmetical mean of the original 

and final velocities, or ^ (V'-f V). 

"We can also determino the mean velocity by dividing 
the space S by the time during which it is de« 
seribed* 

Hence |-i(V'+V). (2) 

Multiplying the corresponding members of equations 
(1) and (2) each by each we obtain — 

PS-iMV^-^jMV* ' (3) 

Here F S is the work done by the force F acting on the 
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body while it moves through the epace S m the direc- 
tion of the force, and this is equal to the excess of 
i MV's above i MY^. I£ we oaU i MY^, or half the 
prodnoi of the maiBy into <he sqnaie of the Tialoei^, 
kinetic energy of the body at first, then ^ MV^ wiH be* 
the kinetic energy after the action of the force F through 
the space S. Ihe energy is here expressed in foot* 
poondals. 

We may now enrees the equation in words by 
saying that the wots done by the fbtee F in ehanging 

the motion of the body is measured by the. increase of 
the kinetic energy of the body daring tiie time that the 
force acts. 

We have proved that this is tme when the interval o£ 
time is so small that we may consider the force as 
emsiant during that time, and the mean Telocity during 

the interval as the arithmetical mean of the velocities at 
the beginning and end of the interval. This assump- 
tion, which is exactly true when the force is constant, 
however long the interval may be» bec<»aes in every 
eaiae miore and more needy true as the interval o£ 
time taken I>ecome8 smaOer and smaller* By dividing 
the whole time of action into small parts, and proving 
that in each of these the work done is equal to the 
increase of the kinetic energy of the body, we may, by 
adding the successive portions of the work and the 
sofleasBUie sioremaite of .enargy^ airife. ii;4iie randt 
that tibe .tottl work done by the fiosee is eqnal to tha 
total increase of kinetic energy. 

If the force acts on the body in the direction opposite 
to its motion, the kinetic energy of the body will bo 
diminished instead of being increased, and the foroe^ 
instead of doing worl; on ttie body, will act as a xesistancey 
wUch the body, in its motion, * overcome* Hence ft 
moving body, as long as it is in motion, can ^o work in 
overcoming resistance, and the work done by tho moving, 
body is equal to the diminution of its kinetic energy, 
till at last| when the body is brought to rest, its kinetic. 
mergj is ezhaasiedi and the whole work it has done 
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is then oqul to the whole kiaetic energy whieh it had 
atfint 

We now see the appropriateness of the name kinetie 
energy, which we have hitherto nsed merely as a name 
to denote the product J M V. For the energy of a body 
has been defined as the capacity which it has of doing 
work, and it is measnred by the work whieh it can do. 
The hmeUe energy of % hody is the energy it has 
in wtne of beuig in inolibn, and we have now shown 
that its Talne is expressed by ^ M or ^ M V x V, 
that is, half the product of its momentum into its 
velocity* 

Abtiole LXXVAJLL. — Oblique Forces. 

V the foree aels on the body at right angles to the 

direction of its motion it does no work on the body, aud 
it alters the direction but not the magnitude of the 
velocity. The kinetic energy, therefore, which depends 
on the square of the velocity, remains unchanged. 

If the direetion of the force is neither eoineident with, 
nor at right angles to, that of the motion of the body we 
may resolve the force into two components, one of which 
is at right angles to the direction of motion, while the 
other is in the direction of motion (or in the opposite 
direetion). 

The first of these components may be left out of con- 
sideration in all calculations about energy, since it 
neither does work on the body nor alters its kinetic 
energy. 

The second component is that which we have already 
considered* When it is in the direction of motion it 
increases the kinette energy of the body by the amount 
of work which it does on the body. When it is in the 
opposite direction the kinetic energy of the body is 
diminished by the amount of work which the body does 
i^gainst the force. 

Hence in all cases the increase of kinetic energy is 
e^pud to ^« iro^li d^ne on the body by external ageney» 
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and the diminution of kinetic energy is equal to UiO 
work done by the body ag^st extenikl resktuice ' 
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y \. \ E£fEEILEI> TO^THBI^ pEN:fiffi OF Mass., ;,^>r^ 

• Th^ kmelio energy of a maWhl system 10 'e^tuiFiii^ 

the kinetic energy of a mass equal to that of the system 
moving with the velocity of the centre of mass of the 
ajptem, together urith the kinetic eiiergy^ due to the 

miotioir of the parts 'of the 
Bystem relatiYe to ittf «enM* 
of mass. 

Let us begin with the case 
- of two particles whose masses 
are A and B, and whose 
velocities ;are represented ixiu 
Iki6 diaijTam of yelodiifis by 
ihe^ lined d a anq o & If c 
'is the centre of mass of a 
particle equal to A placed at a, and a particle equal to^ 
B placed at b, then 0 c will represent the velocity ctfixp 
centre of of the two particles. 
' The kinetic eniergy of tiie system is the iram of tt^^ 
kinetio eneigies of the paitides, or ' ' 

, ^ T = i Ao^2+^B ^2^ . ' 
Expressing ^ and ol^ in terms of q c, c a an^ 
the angle 0 c a=^6. [ 

T=i A o"c^+i A Ta^- A o ex aooB tf. 
. + iBi?+iB:ii?TBp?.i5.6cpgA 
Bai nnee c U the centre of mass of A at 4t aiid.if 6|., 

. A. c a'^B c ^ = 0. 

Hence adding 

T = i (A+B) A r?+i B.^, 

or, the kinetic energy of the system of t^o particles A 
and B is equal to that of a mass equal io (A + B) 
xQoying with the velocity of the centre of <mass, together 
with that of the motion of the particles relative \q 
centre of mass. 



jjjttiacs LXXX. — EniKTxo Emm ow M,* Vj!nsBm$ 
^ -u BvmwrBasnsv^ «p Cteim of Mass. 

have tMgim ivith of t^o partieleB, becaose 

ffie^moticm it a particle is assmned to be that of its 

centxe of mass, and we have proved our proposition 
true for a system of two particles. But if the proposi- 
tion is true for each of two material systems taken 
separately, it must be true of the jsystem which they 
fonil togetti^. For if we now BOpposcf o ami. &^ to 
represent the ydocities of the eentres of bum, of 
two xnaterial systems A and B, then o e will repiresent 
the velocity of the centre of mass of the combined 
system A+B, and if Tj^ represents the kinetic energy of 
the motion of the system A relative to its own centre of 
|||aiu||.and 7b the same for the system B, then if th^ 
prqpqsition is true for the sjstems A and B . takm 

% ^^'^ ' ^ ' 

iA^+T^ 

and that of B iB^^+Tg. . . 

Unsib energy of the whde- is thorefioito 

/ • i A7?+iB^HT^+TB, • ' 

or, 

i • i (A+B)7?+i A il?+T^+i B r?+TB. 

^ The first term represents the kinetie energy of a mass 

equal to that of the whole system moving with the 
y^^locity of the centre of mass of the whole system. 
' The second and third terms, taken together, represent 
the kinetic ez^ergy of the system A relative to the centre 
of gnm^ of the whole syston, and the fourth, ftnd 
fifthr terms represent the same for the system B* 
" Henee if vhq proposition is true for the two systeiois 
A and B taken separately, it is true for the system 
compounded of A and B. But we have proved it true 
for the case of , two particle?; it is therefore true for 
three, foiiE;i. ,pr any other nnmber of^partioleSi and there- 
fore for ajiym^ ,1.. : 
The kinetie eneqgr of a system referred to its centre 

k2 
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of miiss is 1608 than its kinetio eneigy when referred io 
any other point. 

For the latter quantity exceeds the former by a 
quantity equal to the kinetic energy of a mass equol to 
that of the whole system moving with the Telocity of 
the centre of mass relative to the other pointy and since 
ail kinetic enexgy is essentially positive, this excess moii 
be positive. 

AbXIOLB LXXXI. — AVAILABLS KlNXTXO ENEBaT. 

We have already seen in Article LXTV. that the 
mntual action between the parts of a material system 
cannot change the velocity of the centre of mass of the 
system. Hence that part of the Idnetie energy of the 
system which depends on the motion of the centre of 
mass cannot be affected by any action internal to the 
system. It is therefore impossible, by means of the 
mutual action of the parts of the system, to convert this 
part of the energy into work. As far as the system 
itself is concerned, this energy is nnavailable. It can 
be converted into work only by means of the action 
between this itystem and some other material system 
external to it. 

Ilence if we consider a material system unconnected 
with any other system, its available kinetic energy is 
that which is due to the motions of the parts of the 
system relative to its centre of mass. 

Let ns suppose that the action between the parts of 
the system is snch that after a certain tune the con- 
figuration of the system becomes invariable, and let us 
call this process the solidification of the system. We 
have shown that the angular momentum of the whole 
system is not changed by any mutual action of its parts. 
Hence if the original angular momentum is zero, the 
system, when its form becomes invariable, will not rotate 
about its centre of mass, but if it moves at all will move 
parallel to itself, and the parts will be at rest relative 
to the centre of mass. In this case therefore the whole 
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available energy will be converted into work by the 
mutual aetion of the parts daring the solidification of 

the system. 

U the Bystem has angular momentum, it will have 
the same angular momentum when solidified* It will 
therefore rotate aboat its centre of mass, and will 

therefore still have energy of motion relative to its 
centre of mass, and this remaining kinetic energy has 
not been converted into work. 

Bat if the parts of the system are allowed to separate 
from one another in direetions perpendioalar to the 
axis of the angolar momentum of tiie system, and if the 
system when flins expanded is solidified, the remaining 
kinetic energy of rotaliou round the centre of mass 
will be less and less the greater the expansion of the 
system, so that by sufficiently expanding the system wa 
may make the remaining kinetic energy as small as 
we please, so that the whole kinetic energy relative 
to the centre of mass of the tfystem may be converted 
into work within the itystem. 

AbXICLS TiXXXTT. — POTSNXXAL ENfiBOY, 

The potential energy of a material system is the 
capacity which it has of doing work depending on 
other drenmstances than the motion of the system. 
Jn otiber wotds, potential energy is that energy which 
18 not kinetic. 

In the theoretical material system which we build up 
in our imagination from the fundamental ideas of matter 
and motion, there are no other conditions present except 
the configaration and motion of the different masses of 
'which the system is composed. Hence in soch a 
system the circnmstanoes upon which the energy must 
depend are motion and configuration only, so that, as 
the kinetic energy depends on the motion, the poten- 
tial energy must depend on the configuration. 

In many real material systems we know that part of 
the energy does depend on the configaration, Xhas 
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the tnainspriiig of a mteh has more en^r^ irh^ 
eoiled up than when partially nncpfled, fmd twd; hsa: 
magnets have more energy when placed side by' side 
with their similar poles turned the same way than w^en 
iheii; dissiioifar poles are placed next each othtar* J ; ^ 

In the case of the Bpring wis 'may traiBe the cbhneiion 
lietween the coiluig of the spring taxd' HiM toxisif wUdt 
it exerts somewhat farther by conceiving tfa^' ^Ang 
divided (in imagination) into very small parts or elementiJ. 
When the spring is coiled up, the form of each of these 
small parts is altered, and such an alteration of the form 
of a solid body is called a Strain. . 
[ In solid bodies strain .is aecompatiied with internal 
force cit siress those bodies in which the stress depends 
simply on the strain are called ]^lastic, and the proper]^ 
pf exerting stress when strained is called Elasticity. 

We thus find that the coiling of the spring involve^ 
the strain of its elementSy and that the external force 
which the spipg emts is the resultant of the stresses 

in its elemients. ^ 

r 'Wei fI|Liis snbstitate for the immediate ,rela|ion 
between the coiling of the spring and the. fprco which it 
exerts, a relation between the strains and stresses ot 
the elements of the spring; that is to say, for a single 
displacement and a single force, the rela^^ii;^ ^^^^ 
which may in some cases be of an exoeedmgly com^E- 
oated natore, we sabstitntef a* mnltitade of sfaninfi 
an equal number of sfatesseSt each strain being oon^ 
nected with its corresponding stress J)y a^.much inpr^ 
simple relation. .* . ** 

But when all is done, the nature of the connexioa 
between oonfigoration and forpe remains as mystej;ioi^ 
as eyer. Yf^ oan only adn)jt tltie fact, and .iC w»; <^ 
aU such phenomena phenomeiu of elasticityy we maj^ 
find it very e^m^enieni to elassify tliem in this way, 
provided we lemember that, by the use of the .wor(| 
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OF ACTION AT A DISTANCE. 7J. 

• • > 

elasticity we do not profess to explain the cause .pi the 
lOiinnfflifln .hetwieen.fionfigiiration aod awrgy* 

^. Iipk Die ,e$a$ the twp- inagnets; ihere i» no TisBdf 
8iA0t8QeeiK>nnectiBg the bodies between which the stress 

exists. The space between the magnets may be illled 
with air otr with water, or we may place the magnets in 
.a vessel and remove the air by an air-pump, till the 
jpaagn^ts B^^l^ in whatii^ i^ommanty o^ed^aTacui^ 
,iui4. je^ tii^ wtnail jHetioa pl the m^ffida will not be 
f3ki»f4t We^may eyejh, pl|u»e a solid plate of gl^ss or 
lUtMl or wpod between the magnets, and etill we find 
■jthat their mutual action depends simply on their rela- 
tive position, and is not perceptibly modified by placing 
mj substance betwe^ lliem, unless that substance is 
of )tbt aoagoieti^iinetals^ Hence the action between 
'^^:DBa|gi|i|ii i§ .(leiniponly flpok^n of m actipn ai a du- 

' Att€inpt$ have been made, with a certain amount of 
success^^ tO" analyse this action at a distance into a con- 
tiBAOUft distribution of stress m an invisible medium, 
iAP^ tjlm to e^itabliih i^alogy. between the magnetic 
' aetiosi and the action of a spi^uig or a rope in traiuk 
mitiang foree; bat still the general fact that strains or 
changes of configuration are maeompBnied by stresses, or 
internal forces, and that thereby energy it stored tip 
in the system so strained, remains au ultimate fact 
wbich has not yet been explained. as the reiial^ of any 
jaoieihBd»iwerteJ prinniple* - \, 

Aj^hole LXXXV. — ^BHBORt VommiL Eismcn 

* ^ MOBS CbHPtSOATED THAH TSAT OV KiMETIG EnEBGY. 

Admitting that the energy of a material i^stem may 
49jpeQd ouvii^s ^configpratio^i, the mode in which it so 
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depends may be much more eomplicated than the modo 
in which the kinetic energy dependg on the motion of 
the system. For the kinetic energy may be calculated 
from the motion of the parts of the system by an inva- 
liable method. We multiply the mass of each part by 



the mutual action of two parts of the system may 
depend on the relative position of the parts in a manner 
which may be different 'in different instances. Thus 
when two billiard balls approach each other from a 
distaneei there is no sensible action betwesn them till 
they eome so near one another that eertain parts appear 
to be in eontaet. To bring the eentres of flie two balls 
nearer, the parts in contact must be made to yield, and 
this requires the expenditure of work. 

Hence in this case the potential energy is constant 
for all distances greater than the distance of first 
contact, and then rapidly inereases ifbm the distanee 
is diminished* 

The foroe between magnets Tsries mik flie dktanee 
in a very different manner, and in fact we find that it is 
only by experiment that we can ascertain the form of 
the relation between the configuration of a system 
and its potential energy. 

Abtiole LXXXVI. — Application of the Method 
or £K£RaY TO the CaiiOUuition of Foboss* 

A complete knowledge of the mode in which the 
energy of a material system varies when the configura* 
tion and motion of the system are made to vary is 
mathematically equivalent to a knowledge of all the 
dyzuunical properties of the ^tsm. The mathematieal 
methods by which all the forces and stresses in a moving 
system are dedueed from the single mathematical for- 
mula which expresses the energy as a function of the 
variables have been developed by Lagrange, Hamilton , and 
other eminent mathematicians^ but it would be difficult 
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io describe them in terms of the elementary ideas 
to which we restrict ourselves in this book. An ontline 
of these methods is given in my treatise on Electricity, 
Partly., Chapter v., Article 553, and the applicatioA 
of tbfise dynamical methods to deetro-magnetie pbe- 
QOTnena is gtven in the Ghaptero immediately following. 

But if we eonmder only the ease of a ayiitem ai test 
it is easy to see how we ean ascertain the forces of the 
system when we know how its energy depends on its 
oonfignration. 

I'or let us eoppose that an agent external to the 
nystem produces a displaeement from one eonfignration 
to anofher, than if in the neir eonigoxmtion the qfsten 
po e e oofloo mim energy than it did at firett it ean have 
reeeived this increase of energy only from the external 
agent. This agent must therefore have done an amount 
of work equal to the increase of energy. It must 
therefore have exerted force in the direction of the dis- 
placement, and the mean value of this foree^ multiplied 
into the diaplaeement, mnat be eqnal to the work done. 
Henee the mean talne of the foree may be fomid by 
dividing the increase of energy by the displacement. 

If the displacement is large this force may vary con- 
siderably daring the displacement, so that it may be 
difficult to calculate its mean value ; but since the force 
depends on the configuration, if we make the displace* 
ment smaller and ampler the variation of the force will 
beeraie emidler and smaller, so thai at last the foree 
may be regarded as sensibly constant dmnng the die* 
placement. 

If, therefore, we calculate for a given configuration 
the rate at which the energy increases with the dis- 
placement, by a method similar to that described in 
Artieles XXVn., XXYIH., and XXXm., this rate wiU 
be nnmerieally equal to the foree exerted by the external 
agent in flie direetion of the displacement. 

If the energy diminiblies instead of increasing as the 
displacement increases, the system must do work on the 
external agent, and the force exerted by the external 
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agent jniirt be itt the diieetieii oppogiie to flu^ ofi.4iKT 
placement. V .' ^1 

■ « • 

... I ■ 

Abtiolb LXXXyn. — Spegifioation of the Dm^o- 
' *' ' TioN OF FoBcas. * ' 

> In treatises on dynamics the forces spoken of are 
fisnally those exerted by the external agent on the 
material system. In treatiaes on elertrieity, on tbo 
other hand, the forces spoken of are asiutlly thoM 
fisoited Ivjr tfaie ekwlai fifld ^ytbua agnrt ^aa inieiiial 
agent irittBh preRrentai- fbe.i^atem from monng^ Ii«8 
necessary, therefore, in reading any statement aboat 
forceSt^ to ascertain whether the force spoken of is to 
be regarded from the one point of view or the other. - 

We may in geneial avoid any ambigoity by viewipg 
ibe phenomenon as a vAcdav and speaking ,*of' it bs a 
fllMfli exerted betweeit two pointe or ^odiea^ anAidiir 
tingiiiiU&gitaaaieiiskKD'or apMNKMy in atlvaeticHi4ir 
a repulsion, according to its diiectione See Article LY. 

A9>TiQu& LXXXVin. — ^AppLiGAiiON 7Q. 4 ^)cspauc IN 

It thus appears that from a knowledge of the poteu- 
iial energy of a system in every possible confignratioii 
we may deduce all the external forces which are re? 
qured to keep the system in that conSfiguratiob. ' If the 
system is at rest, cmd if these external forces anemia 
actual foroes, the system'mD remain in eqnifibrium. * If 
the system is in motion the force acting on each par- 
ticle is that arising from the connexions of the system 
(equal and opposite to the external force just calculated), 
together with any external force which may be applied 
to it. Hence a complete knowledge of tiie mode ill 
which the potential energy variesivith the coiifi^;iiMioti 
wouU enable ns to predict every possible motion of the 
system under the action uf given external forces, pro- 
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Tided we were able to oyeteoxfm th/e pnrcj^ igftthivpi^eal 
diffiflottiAB of ih0 fmlftiilaiiftiii 

Abticle LXXXIX. — Application op the Method or 

EmSBGT to the lNT£8TZGATI0ail OF BbAL BoIMSB* 

• fx 

When we pass from abstract dynamics to physics — 
from material systems, whose only properties are those 
expnesaed by (heir de^nitions, to reid bodies, whose 
piyypertjes we Jiave .to investif^te*— we fi^d that there 
are mfmy phenomena which we ^re not able to explain 
as changes in the oon%axation and niotm 
.B jstem. 

Of corurse if we begin by assuming that the real 
bodies are systems composed of matter which agrees 
ii;i.aU.re9p6cto with the definitions we have laid:down» 
we may go on to assert that all phenomena ehangen 
o£ configoxation and motion^ though we are not pre* 
jpaired to define the kind of confignration and motion by 
which the particular phenomena arc to be explained^. 
But in accurate science such asserted explanations must 
be estimated, not by their promises, but by their per- 
fomanpes* :The configitmttioniuid motion of a^s^ptem 
are ftets capable of being described in jot . a/QeorpI^ 
SMumer^^Bd theiefare, jni^trdeit that thu «p1anMion of 
ft .'lAeiittiDeDon by the eonfigmration and motion of a 
material system may.be admitted as an addition to our 
scientific knowledge, the configurations, motions, and 
forces must be specified, and shown to be consistent 

with known &Dts».aa .well aa capable oiraocopnting to 
th0*]^ieiiom0QOii*' ^ » . ^ ^ ^.'.' i '^-i^ 

'AnnouB XO. — ^Vabubles oh whigh the Eraucoti 

. . But even when the phenomena wo are studying 
haTo not yet been explained dynamically, we still 
idUataauflBa gBeai iiae afiheprindpIejrfjh$tc<BQwraK 
tUxn of eneigy as a guide to onr researches, ^ 
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To apply ihig psmeipld, ive in the first plm Mmame 

that the quantity of energy in a material system de- 
pends on the state of that system, so that for a given 
state there is a definite amount of energy. 

Hence the first step is to define the difierent states 
of the system, and when we have to deal with real 
bodies we must define their state with respeet not only 
to the eonfigoration and motion of their TisiUe parts, 
but if we have reason to suspect fliat the oonftgmration 
and motion of their invisible particles infiuence the 
visible phenomenon, we mast devise some method of 
estimating the energy thence arising. 

Thus pressnre, temperature, electric potential, and 
ehemical composition are wiaUe quantities, the valaea 
of ^ch serve to specify the state of a body, and in 
general the energy of the body depends on ttie tafaiea 
of these and other variables. 

Abtxolb XCL— Embboy in Tbbmb w «m Yauablbb. 

The next step in our investigation is to determine 
how nmd& wwk must be donit by extenud agenejr on 
the body in order to make it pass firom one specified 

state to another. 

For this purpose it is sufficient to know the work 
required to make the body pass from a particular state, 
which we may call the standard states into any other 
specified state. The energy in the latter state is equal 
to that in the standard statCi together with the work 
vsquired to bring it tnm the standard state into the 
specified state. The fact that this work is the same 
through whatever series of states the system has passed 
from the standard state to the specified state is the 
foundation of the whole theory of energy. 

Since all the phenomena depend on the variations of 
the mengy of the body, and not on its total value, it is 
unnecessary, even if it were possible, to fivnn any 
estimate of the energy of the body in its standard 
state. 
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AbtigIiE XCn. — ^SsEom of Heat* 

One of the most important applications of the principle 
of the conservation of energy is to the investigation of 
the nature of heat. 

At pne time it was supposed that the difbrenee be- 
tween the Btates of a body when hot and when cold wae 
dne to the presence of a sabstance ealied ealoric, iriiick 
existed in greater abundance in the body when hot than 
"whea cold. But the experiments of Rumford on the 
heat produced by the friction of metal, and of Davy on 
the melting of ice by friction, have shown that when 
work is spent in overcoming friction^ the amount of heat 
prodneed is piroporlional to the work spent. 

The experiments of Him have also shown that when 
heat is made to do work in a sleam'^engine, part of the 
beat disappears, and that the heat which disappears is 
proportional to the work done. 

A very careful measurement of the work spent in 
friction» and of the heat produced, has been made by 
Jonle, who finds that the heat required to raise one 
poond of water from W F. to 40^ F. is equivalent to 
772 foot-poonds of work at llbuiehester, or 24,868 foot* 
poundals. 

From this we may find that the heat required to 
raise one gramme of water from 8^ to 4^ C, ia 
42,000,000 ergg. 

Abticle XCni. — Heat a Fobm op Eneboy. 

Now, since heat can be produced it cannot be a 

substance; and since whenever mechanical energy is 
lost by friction there is a production of heat, and 
whenever there is a gain of mechanical energy in an 
engine there is a loss of heat ; and since the quantity 
of energy lost or gained is proportional to the quantity 
of heat gained or lost, we oonclnde that heat is a form 
of energy. 

We have also reasons for believing that the minnte 
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particles of a hot body are in a state of rapid agitation^ 
that is to say, that each particle is always moving very 
swifUy, but <hat <he direction of ltd motion alters so^ 
often that it mtdsesliMe or no progress from <me regfm 

to another. 

If this bo the case, a part, and it may be a very large 
part, of the energy of a hot bod^ must be in, U^o form 
of kinetic eiiergy. ^ . 

But for oar present purpose it is tmnecessary to 
a^ijertai^ in. what form energy exists in a hot body the 

Sost important fiiet is that energy ma^ be measured in 
e form of heat, aud sinco every kind of energy may 
be converted into heat, this gives us one of the most 
c^venie|3^. methods of measuhDg it. ^ 

,« •••• ' / * • • .*.''»••♦ 

-AnrxcoiB XCI7»-— Embwy M^asu|U(d as Heit. 

.Xhus when certain sub'dtances are placed m coniael 
dnemical' aetiohs take place, the substances combine' in 

a now way, and the new group of substances has dif- 
ferent chemical properties from the ori^al group ' of 
substances. During this process mechanical work moy 
be done by the expansion of the mixture, as when gun- 
powder is fired ; an .electric current may be ptadw$if 
as in the voltaic battery ; and heat may be generated, 
as m most chemical actions. 

The cner^ given out in the form of mechanical 
work may be measured directly, or it may be trans- 
formed into heat by friction. The energy spent in 
mroducing the electric current may be estimitted as heat 
1^ caqsing the current to flaw through a conductor of 
sqob a finrm that the beat generated in it con bboIj 
be measured. Care must be taken that no energy ia 
transmitted to a distance in the form of sound or 
radiant heat without being duly accounted for. 

The energy remaining in the mixture, together with 
the energy which has escaped, must be equal to the 
original enecgv; 

Andrews, Favre and Silbermonn, and others, hf^v^ 



Digitized by 



79 



meastired the qoaatity of heat produced wh6^ a certain 
qtiantity of oijgm or of chlorme combines .mth tte 
6qidvyiiQt gf i»£er mibstances. These . measnrements 
an&b'to us to calciilate the exeess of ibe energy which 

the substances concerned had in their original state, 
^hen uncombinedi above that which tbej, have after 
cQii^bii^o^. - q/' . .. ' . • 

Thofigh a great deal of excellent work, of th\8 kind 
heiM almdy been done, the' extent of the field Htherto 

investigated appears quite insignificant when wo con- 
sider the boundless variety and complexity of the 
natural bodies with which we have to deal. 

In fact the special work which hes before the physical 
b^gifurei^ in the predent state of sdence is the deter; 
minldion of the quantity of energy which enters o^ 
Ic^^ a inktemf system dturing the passage of the 
system from it^ btaudard state to any other definite 
state. ' ' 

ABTioniXCVL-^Eisioay of the Doctrine of E^^eegy. 

The 'seieiitifie importance of giving a name to the 
quantity which wo call kinetic energy seems to have 
been first recognised by Leibnitz, who gave to the pro- 
duct of the mass by the square of the velocity the name^ 
of Vi$ Viva. This is twice the kinetic energy. 

Newton, in the SchoUnm to the Laws of Motion," 
expresses ^e relation between the rate at which work 
is done by the external agent, and the rate at whieh 
it is given out, stored up, or ti'ansformed by any 
machine or other material system, in the following 
statement, which he makes in order to show the wide 
eaitent of the application of the Third Law of Motion. 

If the action of the external agent is estimated by 
ihepfodnct of its force intoJts veloeiigr, and the re- 
action of the resistance in the same way by the prodnct 
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of the veloeity of part of the flystem into the re* 
sieting force arising from friction, cohesion, weight, and 
acceleration, the action and reaction will be equal to 
each other, whatever be the nature and motion of the 
system." That this statement of Newton's implicitlj 
contains nearly the whole doctrine of energy was first 
pointed out by Thomson and Tait. 

The words Action and Beactim as they oecnr in the 
ennnciation of the Third Law of Motion are explained 
to mean Forces, that is to say, thej are the opposite 
aspects of one and the same Stress. 

In the passage quoted above a new and different 



Reaction by the prodoct of a force into the Telodty of 
its point of appUcfttion. According to this definition 
the Action of the external agent is the rate at which it 
does work. This is what is meant by the Power of a 
steam-engine or other prime mover. It is generally 
expressed by the estimated number of ideal horses 
which would be required to do the work at the same 
rate as the engine^ and this is called the Horse* 
power of the engine. 

When we wish to express by a single word the rate 
at which work is done by an agent we shall call it the 
Power of the agent, defining the power as the work 
done in the unit of time. 

The use of the term Energy, in a precise and 
scientific sense, to express the quantity of work which 
a material system can do, was introdnced by Dr* 
Young.* 



Abugu XCYII. — On the DiFnEBBNT Fobhs of 

. Enebgt. 

The energy which a body has in virtue of its motion 
is called kinetic energy. 

A system may also have energy in virtue of its con* 
figuration, if the forces of the system are such that the 

• " Lectmes on Natural PhiloBophy," Lecture YIIL 
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syBtem will do work against external resistance while it 
passes into another con^guratioiu This energy is called 
Potential Bnergy. Thus when a stone has been lifted 
4o a oeriain he^t aboTetlie eartbffl siu&eeyHlie system 
cf tnot'bodiest fliestme and the earih, has poteiitiiA 
«tiergj, and is .Me to do a certain amonnt of work 
dnring the descent of the stone. This potential energy 
is due to the fact that the stone and the earth attract s 
each other, so that work has to be spent by the man 
who' lifts the stone and draws it away from th^ earth, 
and after the stone^is lifted fiie atttaiBtiQn betWeep iUa 
earth and the stone is capable of doing work as ihe stone 
deseends. TKis kind of eiiergy, therefore, depends 
upon the\work which the forces of the system would do 
if the parts of the system were to yield to the action 
4>f these forees. This is called the Sum of the Ten- . 
aons by Helmholtz in his celebrated memoir on the 
'^ConservaSon of Energy."* Thomson eaUed it Btatieal 
Aiergy ; it has also been called Energy of Positmi ; 
•bat Baokine introduced the term Potential Energy — a 
yeiy felicitous expression, since it not only signifies the 
energy which the system has not in actual possession, 
bnii only has the power to acquire, bat it also indicates 
its connection wifii what has ben called (on other 
'gramds) theJPoteiitial FonctioQ. 

Tb0 different forms in. which energy has been found 
to exist in material systems have been placed in one or 
other of these two classes — Kinetic Energy, due to 
motion, and Potential Energy, due to configuration. 

Thns a hot body, by giving out heat to a colder body, 
may be made to do work by caosiiig the cold body to 
eaqpand in opposition to pressore* A material isfjstem, 
therefore, in which there is a non-nniform distribution of 
temperature has the capacity of doing work, or energy. 
This energy is now believed to bo kinetic energy, due 
to a motion of agitation in the smallest parts of the 
liot body* 

* Berlin, 1847. Tra&Bkted in Ta^Ws ^*6deiitifio ilfli&oin/* 
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Gunpowder has energy, for when fired it is capable 
of setting a cannon-ball in motion. The eneigy 
of gunpowder is Chemical Energy, arising from the 
power whieh the eoncrtitnents of ganpowder pOBSOM 
of afranging themselTes in a new manner when ex- 
ploded, 80 aa to oeeopy a mneh hurger Tofaime ihan 
the gunpowder does. In the present state of scienee 
chemists figure to themselves chemical action as a re* 
arrangement of particles under the action of forces 
tending to produce this change of azrangemeni. From 
this point of Tiew, therefore, ehemical energy ia poten- 
tial energy. 

* Air, eompreased in the ehambor of an air*gun, ia 

capable of propelling a bullet. The energy of com* 
pressed air was at one time supposed to arise from the 
mutual repulsion of its particles. If this explanation 
were the true one its energy would be potential energy. 
In more recent times it has been thought that the 
partieles of the air are in a state of motion, and thai 
its pressure is eaused by the impact of flieae partiebs 
on the sides of the vessel. According to this theory 
the energy of compressed air is kinetic energy. 

* There are thus many diflferent modes in which a 
material system may possess energy, and it may be 
doabtfal in some eases whether the energy is of the 
kinetic or the potential form. The nature of energy, 
however, is the same in whatever form it may be found* 
The quantity of energy can always be expressed as that 
of a body of a defiinite mags moTing with a defixuto 
velocity. 
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CHAPT£B VI. 
BBOAPirUIi^TION. 

ABnoLB XCSVni. — ^Rbtbospect of Abstbaot Dynamics. 

Wx have now gone through that part of the fonda* 
mental scienoe of the motion of matter which we have 
been able to treat in a manner miffieientl j elementary 

to bo consistent with the plan of this book. 

It remains for us to take a general view of the rela- 
tions between the parts of this science, and of the whole 
to other physical sciences, and this we can now do in 
A more satisfactory way than we conid befbre we had 
entered into the snlgect. 

AbTICLS XCIX. — ^KXNBMATICS* 

We began with kinematics, or the science of pure 
motion. In this division of the subject the ideas brought 
before us are those of space and time. The only attri* 
bate of matter which comes before ns is its continuity 
6[ existence in space and time — ^the fiMst, namely, tibat 
every particle of matter, at any instant of time, is in 
one place and in one only, and that its change of place 
during any interval of time is accomplished by moving 
along a continuous path. 

Neither the force which affects the motion of the 
body, nor the mass of the body, on which the amount of 
force required to produce the motion dependSi come 
under our notice in the pure science of motion* 

AnncLR 0. — ^Foncs. 

In the next division of the subject force is considered 
in the aspect of that which alters the motion of a mass. 
If we confine our attention to a siii^e bodyi our in- 

f2 
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vestigation enables us, from observation of its motion, to 
determine the direction and magnitudd of the resultant 
force which acts on it, and this investigation is the 
exemplar and tjype of all reseazdies undertaken for the 
purpose of the discoyery and measorement of phyneal 
forces. 

But this may be regarded as a mere appKcation of 
the definition of a force, and not as a new physical 
truth. 

It is when we eome to define equal forces as <hos0 
which produce equftl rates of acceleratioii io. tibo same 
tnasS) and equal masses as fhose which are equally 

accelerated by equal forces, that we find that these 
definitions of equality amount to the assertion of the 
physical truth, that the comparison of quantities of 
matter by the forces required to produce in ^em a given 
acceleration is a method which always leads to con? 
sistent resnltSy whatever be the absolute values of the 
forces and the accelerations. 

> 

A&XXOLB ex.— SX8KSS# ' 

The next step in the science of force is that in which 
We pass from the consideration of a force as acting pn 
a body, to that of its being one aspect of that mutual 
action between two bodies, which is called by Newtm 
Action and Beaetion, and which is now mm briefly 
e^presstid ike single word SUess. • • 

4 

I 

AxaoLB on.— fisLAsmnr of BmAmoAL Emowumb« 

Our whole progress rxp to this point may be deecanbed 
as a gradual development of the doctrine of relativity of 
all physical phenomena. Position wg must evidently 
acknowledge to be relative, for we cannot describe the 
position of a body in any terms which do not express 
irehtion. Xbe ordinaiy language about motion and rest 
does not so completely «mlude the notion 6f their being 
tteasiuedi absolnt^i but the reason of this is, that in 
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Kwt oidimrf language we ioN&j Mrame that the earth 
18 at rest. 

As our ideas of space and motion become clearer, we 
come to see how the whole body of dynamical doctrine 
hangs together in one consistent system. 
. ' Oiir primitive notion may have been that to know. 
iAvohitely where we are, and in what directicm we are 
going, are essential elements of our knowledge as con« a . 
scions beings. ^ ^ 

But this notion, though undoubtedly held by many 
wise men in ancient times, has been gradually dispelled 
from the minds of students of physics. 

There are no landmarks in space ; one portion of 
hpaee is exactly like eveiy other portion, so thai we can* 
not teU where we are. We are, as it were, on an 
unruffled sea, without stars, compass, soundings, wind, 
or tide, and we cannot tell in what direction we are 
going. We have no log which we can cast out to take 
4 dead reckoning by ; we may compute our rate of 
motidn with respect to the neighboniing bodies^ but 
we do not know how these bodies may be moving in 
space. 

AanoLiK cm. — BxLkTmrr of Fobob. 

•'We <^not even tell what force may be acting on us ; 
we^ean only tell the difference between the force acting 
om one thing and that acting on another. 
. ' We have an actnal example of this in oor every-day 

experience. The earth moves round the sun in a year 
at a disttoce of 91,520,000 miles, or 1-473x10^2 
centimetres. It follows from this that a force is 
exerted on the earth in the direction of the 8un> which 
produces an acceleration of the earth in the dhfection 
of the son. <rf abgnt 0*019 in feet and seconds, on 
TimF <^ intensity of gravity at the earth'B 
gorface. 

A force equal to the sixteen-hundredth part of the 
weight of a body might be easily measured by knoiw 
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ezperimdntal meiliocis, especially if {he direetkm of iliis 
force were differently inclmed to the yeriical at different 
hours of the day. ' » 

Now, if the attraction of the sun were exerted upon 
the solid part of the earthy as distinguished from the 
movable bodies on which we experiment, a body bob- 
pended by a string, and moving with the earthy would 
indicate flie difference between the solar action on the 
body, and that on the earth as a whole. 

If, for example, the sun attracted the earth and not 
the suspended body, then at sunrise the point of sus- 
pension, which is rigidly connected with the earth, would 
be drawn towards Uie sun, while the suspended body 
wonld be acted on only by the earth's attraetum, and 
the string would appear to be deflected away ttxm the 
sun by a sixteen-hundredth part of the length of the 
string. At sunset the string would be deflected away 
from the setting sun by an equal amount ; and as the 
sun sets at a different point of the compass from that 
at which he rises the deflexions of the string would be 
in different directions, and the difference in^ position 
of the plumb-line at sunrise and sunset would be easily 
observed. 

But instead of this, the attraction of gravitation is 
exerted upon all kinds of matter equally at the same 
distance from the attracting body. At sunrise and 
sunset the centre of the eartii and the suspended body 
are nearly at the same distance from the sun, and no 
deflexion of the plumb*line due to the sun*s attraction 
can be observed at these times. The attraction of the 
sun, therefore, in so far as it is exerted equally upon ail 
bodies on the earth, produces no effect on their relative 
motions. It is only the differences of the intensity and 
direction of the attraction acting on different parts of 
the earth which can produce any effect, and these 
differences are so small fbr bodies at moderate distances 
that it is only when the body acted on is very large, as 
in the case of the ocean, that their effect becomes per- 
ceptible in the form of tides. 
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AUTXGtB CIV. — ^BOTATION. 

' In what we have hitherto said about the motion of 
bodies, we have tacitly assumed that in comparing one 
configaration of the system with another, we are able 
to draw a line in the final eonfigmatioii parallel to a 
line in the original eonfigoration. In other words, we 
assume that there are certain directions in space which 
may be regarded as constant, and to which other 
directions may be referred daring the motion of the 
system. 

In astronomy, a line drawn from the earth to a 
^tar may be oonsidered. as fixed in direction, because 
the rdatiye motion of the earth and the rtar is in 
general so small compared with the distance between 
^em that the change of direction, even in a century, is 
very small. But it is manifest that all such directions 
of reference must be indicated by the configuration of 
a material qrstem ososting in space, and that if this 
^^stem were alt o ge t h e r renunred, the original directions 
of reference oonld nerar be recovered. v 

But though it is impossible to determine the absolute 
velocity of a body in space, it is possible to determine 
whether the direction of a line in a material system is 
constant or variable. 

For instance, it is possible by observations made on 
the earth alone, trifhont reference to the heavenly 
bodies, to determine whether the earth is rotating or 
not. 

So far as regards the geometrical configuration of 
the earth and the heavenly bodies, it is evidently all the 
same 

" Whether the son, piQdominant in heaven. 
Rise on the earth, or earth rise on the sun; 
He from the east hia iiaming road begin, 
Or she from west her silent course advance 
With inofEensive pace that spinning sleepa 
On hn soffe azk^ whSkb she paces even. 
And bean tfaee soft witii the smooth air alODg.* 

The distances between the bodies composing the 
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nnivcrse, whether celestial or terrestrial, and the angles 
between the lines joining them, are all that can be 
ascertained without an appeal to dynamical principles, 
and these will not be aifected if any motion of rotation 
of the Vhole systeilii Bimilar to Uiat of a rigid body 
nbOQt an axist is combined wifh the .aetnal tndtion ; fio 
that from a geomeiritfal point of Tiew the' Oopemicaii 
system, according to which the earth rotates, has no 
advantage, except that of simplicity, over that in which 
the earth is supposed to be at rest, and the apparent 
motions of the heai^enly bodies, to be their absolute 
motions. 

; Even if we go a step ftctth^; tfiS, oonBider the iynB,^ 
mical t)ieory of tbe earth Rotating routid Itd 'ans, We 

may account for its oblate figure, and for, the eq^uili- 
brium of the oceaii and of all other bodies on its sur- 
face on either of two hj^othesep: — that of the motion ot 
the earth round its axis, or that of the earth, nbt rotat* 
ing,^but cfkused to assume its oblate figor^ tl^ a foWe 
aicting ontwards in all directiohs from its axis, the 
intensity of this force increasing as the 'distanee l^om 
uie axis increases. Such a force, if it acted on all 
kinds of matter alike, would account not only for the 
oblateness of the earth's figure, but for the conditions 
of equilibrium of all bodies at rest mth respect to the 
earth. 

It is only vhen we go farther still, and eonsicler the 
phenomena of bodies which are in motion with respect 

to the earth, that we are really constrained .to. admit 
that the earth rotates. 

Abtxolb py. — ^NswTON*s BawtMmj^m. 9W rax 

AbSOIiBTB VbLOGIIY OF BoTATim* 

Newtoft was the first to point mi that tbe absolute 
motion of folation of 'th'e eiariii might be demonstrated 

by experiments on the rotation of a material system. 
For instance, if a bucket of water is suspended from a 
beam by a string, and the string twisted so as to keep 
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the bucket spimung round a vertical aiis* the water 
will soon spin round at the same rate as the bucket^ '00 
^at the system qf the winter and tb^ backet tnhis roimd 
its ttiis like a sofid body. 

The water in the spinning bucket rises up at the 
sides, and is depressed in the middle, showing that in 
order to make it move in a circle a pressure must be 
exerted towards the axis. This concavity of the surface 
depends' on the absolute motion of xotatKm €i the water 
and mft on its rdatiye rotation. 
' /For instance, it does not depend on the rotation 
rdativo to the bucket. For at the beginning of the 
experiment, when we set the bucket spinning, and 
before the water has taken up the motidn, the water 
and the bucket are in relative motion, but the surface 
Si the water is flat, becatese the uTater is not rotatrng, 

""^^mm ^ih^'f**^ ^d the bin^et lolafe^ tpgMiier; 

there IS no nlotion of the one relative to the other^ but 
the surface of the water i^ hollow, because it is r6iat- 

^ When the bucket is stb^ped, as long as the water 
Continues to rotate its surface remains hollow, showing 
{|iat it is still rbtathg though the bucket is not / ' 

It is manifestly the same, as regards this experiment, 
whether the rotation be in the direction of the hands 
of a watch or the opposite direction, provided the rate 
of rotation is the same. 

Now let us suppose this experiment tried at the 
l^orth Pole. Let the bucket be made, by a proper 
Sirangement of clockwork, to rotate eitber in fiie durec- 
tion <rf the hands df a watch, or in the opponte ffireetion, 
at a perfectly regular rate. 

' If it is made to turn round by clockwork once in 
twenty-four hours (sidereal time) the way of the hands 
of a watch laid face upwards, it will be rotating as 
regards the earth, bnt not rotating as regakds the 
stars* 

' If the clockwork is stopped, it will' rotate with 
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respect to the stars, bat not with respect to the 
eurUu 

Finally, if ^ it is made to tom laimd once in twenty- 
four hours (sidereal time) in the opposite direction, it will 

be rotating with respect to the earth at the same rate 
as at first, but instead of being free from rotation as 
respects the stars, it will be rotating at the rate of one 
torn in twelve hoars. 

Hence if the earth is at rest, and the stars moving 
round it» the tmn of the soifiwe will be the same in the 
first and last ease ; bat if the earth is rotating, the 
water will be rotating in the last case but not in tho 
first, and this will be made manifest by the water rising 
higher at the sides in the last case than in the first. 

The sarface of the water will not be really concavo 
in any of the cases sapposed, for the effect of grayitj 
utiDg towards the eentre of the earth is to miS» the 
sor&ee eonTez, as the snrfim of the sea is, and the 
rate of rotation in our experiment is not sufficiently 
rapid to make the surface concave. It will only make 
it slightly less convex than the surface of the sea in tho 
last case, and slightly more convez in the first. 

But the difierenee in the form of the sarface of 
the water woold be so exceedingly small, that with our 
methods of measnrement it woold be hopeless to 
attempt to determine the rotation of the earth in this 
way. 



Abtiolb OYI. — ^Fodoahlt's PmnnLmi* 
The most satisfactory method of making an ezpeii* 



A heavy ball is hung from a fixed point by a wire, so 
that it is capable of swinging like a pendulum in any 
vertical plane passing through the fixed point. 

In starting the pendulum care mast be taken that 
the wire, when at the lowest point of the swing, passes 
exactly through the position it assnmes when haii^ging 
V it passes on one side of this position^ it 
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vnOi return on the other side, and tUs motion of the 
pendulum round the vertical instead of throogh the 
vertical mnni be earefully avoided, because we wish to 
get rid of all. motioiis of rotation either in one direction 
or the other. 

Let us consider the angular momentum of the pen- 
dulum about the vertical line through the fixed point. 

At the instant at which the wire of the pendulum 
passes through the vertical line, the angular momenium 
about the vertical line is zero« 

The force of gravity always acts paraDel to this 
vertical line, so that it cannot produce angular momen- 
tum round it. The tension of the wire always acts 
through the fixed point, so that it cannot produce 
angular momentum about the vertical line* 
: Hence the pendulum can never acquire angular 
ttamentum about the vertical line thronf^ the point of 
Buspension. 

Hence when the wire is out of the vertical, the 
vertical plane through the centre of the ball and the 
point of suspension cannot be rotating ; for if it were, 
the pendulum would have an angular momentum about 
the vertical line* 

Now let ns suppose ibis experiment perfimned at 
{he North Pole. The plane of vibration of the pendulum 
will remain absolutely constant in direction, so that if 
the earth rotates, the rotation of the earth will be made 
manifest. 

We have only to draw a hue on the earth parallel 
to the plane of vibration, and to compare the position 
of this line with that of the plane ot vibration at a 
snbsequent time. 

As a pendulum of this kind properly suspended will 
swing for several hours, it is easy to ascertain whether 
the position of the plane of vibration is constant as 
regards the earth, as it would be if the earth is at rest, 
or constant as regards the stars, if the stars do not more 
round the eurth. 

We have supposed, for the sake of simplicity in the 
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description, fhst the experiment 10 made at the North 
Pole. It is not necessary to go there in order to 
demonstrate the rotation of the earth. The only region 
where the eaq^eiime&t urili not show it is at the 
equator. 

. At erety oUier pkea liie pendnliun will indicate the 
rate of rotation of the earth with respect to the Terftical 
line at that place. If at any instant the plane of tho 

pendulum passes through a star near the horizon either 
rising or setting, it will continue to pass through that 
star as long as it is near the horizon* That is to say, 
the horizontal part of the apparent motion of a star on 
the hixrizon is equal to the rate of rotation of the plane 
of vibratiM of the pendulum. 

It has been observed that the piano of vibration 
appears to rotate in the opposite direction in the 
southern hemisphere, and by a comparison of the rates 
at various places the actual time of rotation of the 
earth has been deduced without refezence to astro* 
notnieal obserrations. Themean ^ue, as deduced flrom 
these experiments by Messrli. Galbraith and Houghtoa 
in their ** Manual of Astronomy,*' is 23^^ 53°^ 87'-. The 
true time of rotation of the earth is 23^ 66"*- i"* mean 
solar time. ' 

AsTioLB C7II. — Mkrm and ENSBGt: ' 

All that we know about matter relates to the series 
of ]dienoinena in which enei^ is transferred from one 

portion of matter to another, till in some part of the 
series our bodies are affected, and we become conscious 
p£ a sensation. 

' :£y the mental process which is founded on sudi 
sensations, we come to learn- the conditicms of these 
stfisatiniSt and to .tnoe them to otyeete wUch aie not 
part of oursehest but in e^ery case flie fiict that 'we 

learn is the mutual action between bodies. This 
mutual action we have endeavoured to describe in this 
treatise. Under various aspects it is called Forcci 
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Action and Reaction, and Stress, and the evidence of 
it is the change of Uie motion of the bodies between 
which it acts. 

The process by which stress produces change of 
motion is called Work, and, as we have already showiii 
work m^y be considered as the transferenee of Energy 
from one body or system to another. 

Hence, as we have said, we are acquainted with 
matter only as that which may have energy communi- 
cated to it from other matter, and which mayi in its 
turn, communicate energy to other matter. ' 

Eiiergy, on the other hand, we know only as that 
whidi in ail natnral phenomena it eontinnaUy pasniig 
from One portion of matter to anotber* - 

♦ 

Abtiolb CVIU— Xbsz of ▲ Matebial SimsTAxdB. 

Eneigy cannot exist except in connexion with matter. 
Hence since, in the space between the snn and the earth, 
the lominons and thermal radiations, whieh kaTd lefl 
the sn and whidi ham not leached the earth, possess 

energy, the amount of which per cubic mile can be 
measured, this energy must belong to matter existing 
in the interplanetary spaces, and since it is only by the 
light which reaches us that we become aware of the 
existence of the most remote stars, we conclude that 
the matter whidi transmits light is disseminated tbrot^ 
the whole of the visible 

Abxiolb CIX.;— EMsnaxKoz Capabus of Zdenzification. 

We cannot identify a particular portion of energy, or 
trace it thronj^ its transformations. It has no indi^ 
tidnal existence, such as that which we ateibiUe to parti* 
edar^portions of matter. 

The transactions of the material nniverse appear to 
be conducted, as it were, on a system of credit. Each 
transaction consists of the transfer of so much credit 
or energy from one body to anothelr. Ihis act of 
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transfer or payment is called work. The energy so 
transferred does not retain any character by which it 
can be identified when it passes from one form to 
another. 

Aktxclb ex.— 'Absoltjtk Value of tbb £N£fiGY of 

A Body Unknown. 

The energy of a material system can only be esti- 
mated in a relative manner. 

In the first place, though the energy of the motion 
of the parts relative to the centre of mass of the-system 
may be aecmratdy de&Md, the whole energy consists 
of this together with the energy of a mass equal to that 
of the whole system moving with the velocity of tho 
centre of mass. Now this latter velocity — that of tho 
centre of mass — can be estimated only with reference to 
.some body external to the system, and the value which 
*we ass^ to this velocity will be different according to 
the body which we select as oxa origin. 

Hcnco the estimated kinetic energ)^ of a material 
system contains a part, the value of which cannot be 
determined except by the arbitrary selection of an 
origin. The only origin which would not be arbitrary 
is ttie centre of mass of the material universe, bat this 
is a point the position and motion of which are quite 
nnknown to ns* 

Artiolb OXI. — LkTsxn Ensbot. 

But the energy of a material system is indetermin- 
ate for another reason. We cannot reduce the system 
to a state in which it has no energy, and any energy 
which is never removed firom the system mnst remain 

nnperceived by us, for it is only as it enters or leaves 
the system that we can take any account of it. 

We must, therefore, regard the ener^' of a material 
system as a quantity of which we may ascertain the 
increase or diminntion as the system passes from one 
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definite condition to another. Tho absolute value of 
the energy in the standard condition is unknown to 
us, and it would be of no value to ns if we did know it, 
as all phenomena depend on the variationa of the eiierg]r» 
und not on its absolate value. 

AxnOLK CXn. — A "GOICFLETB DiSCCSSION OP EmoT 
WOULD INCLUDE THE WHOLE OF PHYSICAL SoiEMCE. 

The discussion of the various forms of energy — ^gravi- 
tational, electro-magnetic, molecnlart thermal, &c. — ^wilh 
the conditions of the transference of energy from one 
form to another, and the constant dissipatibn of the 

energy available for producing work, constitutes the 
whole of physical science, in so far as it has been 
developed in the dynamical form under the various 
designations of Astronomy, Electricity, Magnetism, 
Optics, Theory of the Physical States of Bodies, 
Ihermo-dynamicSi and Ohemistiy. 



CHAPTER VIL 

. THE PENDULUil AND GRAYIXy. 

AnnoLB CXIIL — On Unitobm Motion in a Oibclb. 

Let M (fig. 11) be a body moving in a circle with 
Telocity V. 
Let 6 M=:r be the radios 

of tho circle. 

The direction of the velocity 
of M is that of the tangent to 
the circle. Draw O V paral- 
lel to this direction through 
the centre of the circle and 
equal to the distance described 
in unit of time with velocity 
V, then 0 V=V, 
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ira teto 0 «8 the drigm o£ tto di^^ 
y ^rill represent flie ydooity of <he body tL.. 

■ As the body moves round the circle, the point V vnH 
also describe a circle, and the velocity of the poiat, Y 

will be to that of M as O V to^cTH. 

therefore, we draw O A in M 6 produced, and 
fheMfere partdlel to the direction of m otion of Y, and 
make OA a- 4hizd proportional to OFS mi O.Yf 
and if we assctmQ 0 as the oiigm of the diagxaia of 
rate of acceleration, then the point A will represent^ 
the velocity of the point Y, or, what is the same thing, 
the rate of acceleration of the point M. 

Sence, whan a body moves with uniform velocity iii 
a drde, its aoeeleration is dire^rted towards the centce 
of the eirolef apd ia a third proportioiial to the xadias 
jof tjhe eixele and the velocity of toe body« 

The force acting on the body M is equal to the pro- 
duct of this acceleration into the masd of the bodj, 
or if P be this force 

AbTICIiB GXIY. — CfiNTBIFUGAL FoSGE. 

This is the force which must act on the body M 
in order to keep it in the circle of radius v, in whioh • 
it is moving with velocity Y. 

The direction of this focoe is towarda the centre of 
the circle. * • 

If this f oioe is applied bj means of a attn^ ^u^* 
tened to the body, the string wiD be in a state of leDrioD. 
To a person holding the other end of the string this 
tension will appear to be directed towards the body M, 
as if the body M had a tendency to move away from the 
eentre of the circle which it is describing. 

Hence this latter force 4s often ^called Oentnfiigal 
IVxrce. 

The force which really acts on the body, being directed 
towards the centre of the circle, is cidled Centripetal 
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Fore6| and in some popular treatises the centripetal 
and centrifugal forces are described as opposing and 
balaneiag eadi other. Bat ihqr are mmij the dif* 
ferent aspeets of the eame streea. 

Article CXV. — Periodic Time. 

The time of describing the circumferenco of the circle 
is called the Periodic Time. If ir represents the 
ratio of the circumference of a circle to its diameter, 

which is d'14159 the circumference of a 

circle of radius r is %r and since this is deeeribed 
in the periodio time T with vdocity V, we have 

2irr=VT 
Hence F=:4fr^^ 

The rate of circular motion is often expresBed bj the 
nnmher of revolutions in unit of tim^. Let this nam* 
ber be denoted byn, then 

nT=l 
and F=4ir3Mri^ * 



Abtiolb CXYI. — On Simple Ruocomio 

Vibrations. 

If while the body M (fig. 11) moves in a circle with 
aniform velocity another point P moves in a fixed 
diameter of the circle, so as to be always at the foot 
of the perpendieaiar from M on that diameter, the 
body P 18 said to execute Simple Harmonic Yibialion8« 

The radius, r, of tiie drcle is oalled the Amplitude of 
the vibration. 

The periodic time of M is called the Periodic Time 
of Vibration. 

The angle which 0 M makes with the positive 
diiAetion of the fixed diameter is called the Fhaae of 
tbe iribniiioii, 

o 
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* AiiTiOLE CXVn. — On the Force AcriNa on the * 

YiBBATiNa Body. i 

tmij difference between ihe motfonib of M and 
P is that M has a Tertioal motion eomponnded wif& 

a horizontal motion which is the same as that of P. 
Hence the velocity and the acceleration of the two bodies 
differ only with respect to the yertical part of the 
Teloeiiy and acceleij^tion of M. 

!(7he acceleration of P is therefore the hoxs|09tal 
component of that of DC, and sinee Ih^ aeeetaratioii 



of M 0 produced, the acceleration of P will be repre- 
sented by 0 B, where B is the foot of the perpendicular 
from A on the horizontal diameter. Now by similar 
triangles OMP, OAB 

OM;pA::OP;OB 

Bat 0 M=:r and 0 A= - 4ar2 Bemo^, . 

In simple harmonic vibration, therefore, the ac- 
celeration is always directed towards the centre of 
vibration, and is equal to the distance from that centre 
multiplied by and if the mass of the 

vibrating body is P, thd finree acting on iHit aMistaace 
w from 0 is Ait^ w^P x. 

It appears, therefore, that a body which executes 
simple harmonic vibrations in a straight line is acted 
on by a force which varies as the distance from the 
centre of vibration, and. the value of this force at a 
given didtanoe depends only on ihat distance, en the 
mass of the body, and on the square of the number 
of vibrations in unit of time, and is independent of th^ 
amphiu4e of the vibrations, ' . 



. . AbtIOUB GKyiII.-^l8O0HB0NQim TlBBMnONB^' * 

It follows from this that if a body moves in a straight 
^ and is acted on by force directed U)WKrd0 a fixed 
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point on tho line and varying as the distance from that 
point, it will execute simple harmonic vibrations, the 
periodic time of whieh will be the same whatever the 
amplitade pf vibn^tion. 

if for a partieiilar kmd of displaeement of a . body, 
as idming round an azia, the force tending to bring it 
back to a given position varies as the displacement, 
the body will execute simple harmonic vibrations 
about that position, the periodic time of which will be 
independent of their amplitude. 

TflnoalkHMl/ of this kindi which are' ezeoated in the 
aeoaa time whaleFer be their amplitudei are called 
iBOchnmow YibrationjEi. 



Ab^ZOLS. .G^IX« — ^POTSNXIAL EMBaGY OF THB 







rnin 







it of eqnilSbriiim is egiial to that of thd body m 

in the circle, or V zz 27r rn, 
where r is the ampHtude of vibration fuid n is tho 
number of double vibrations per second. 

Hepce the kinetio exiergy of the vibrating body at 
t)^ point of efoilibrium is 

irhere M is the mass of the body. 

' At the extreme elongation, where a:=r, the velocity, 
and therefore the kinetic energy, of the body is zero. 
The diminution of kinetic energy must correspond to 
an e^oal increase of potential energy. Hence if we 
reckoQ ihd. potential eaieac^ from the configuration in 
iwhich the body is at its point ct equilibriom, its 
potentifd energy when at a distance r m>m fliis point 

is 2fr-M u'^ rK 

This is the potential energy of a body which vibrates 
isochronously, and executes ii double vibrations per 
second when it is at rest at the distance, from the 
point of eqoilibriiim. As the potential energy doesnot 

2 0 
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depend on the motion^ of tbe body, but only on ita 
position^ we may write it Sir'M rfi afi^ 

where x is the distance from the point of equilibrium. 

Abxigle CXX. — The Simple Pendulum* 

The simple pettdidam eonsists of a small heavy body 

called the bob, suspended from a fixed point by a fine 
string of invariable length. The bob is supposed to 
be so small that its motion may be treated as that of a 
material particle, and the string is supposed to be so 
fine that we may neglect its mass and weight. The 



When the bob is at Mit i s higher than when it is at 
A by the height A P=:S where AM is the chord of 

AB 

the arc ALM and ABz=2?. 

J£ M be the mass of the bob and g the intendty of 
gravity the weight of the bob will be 1% and the woik 
done against {p»yity daring the motion of the bob 
firom A to M will heMg A"P. This, therefore, is the 
potential energy of the pendulum when the bob is at 
M, reckoning tibe energy zero when the bob is at A.- 

We may write this eneigy 




Tig. IS. 



bob is set in motion so as 
to swing through a small 

angle in a vertical plane. 
Its path, therefore, is an 
arc of a circle, whose 
centre is the point of sus- 
pension, 0, and whoso 
xadins is the length <tf the 
string, which we shall de* 
note by L 



A 



Let 0 (fig. 12) be the point 
of suspension and 0 A the 
position of the pendulum 
when hanging vertically. 




ASP 
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The potential energy of the bob when displaced 
thxoogfa aoy are varies as the square of the chord of 
thai arc. 

If it had varied as jhe square of the arc itself in 
which the bob moves, ' tlfe vibrations would have been 
strictly isochronous. 'As tte potential energy varies 
more slowly than the a^aje Qf the arc, the period of 
each vibration will be gr^A^.«wlien the amplitude is 
greater. ;\ , 

For very small vibrations, ^however, we may neglect 
the difference between the chctcd 'and the arc, and 
denoting the arc bj a; we may.iivitQ the potential 
energy 

il 

But v^Q have already shown that in harrndtuC'^ vibra- 
tions the potential energy is 2?!^ M a^, 

Equating these two expressions and clearing Abactions 
we find 

where g is the intensity of gravity, tt is the ratio of tne / 
circumference of a circle to its diameter, n is the numbet 
of vibrations of the pendolom in unit of time^ and I is 
the length of the pendolum. 

A&TicLE CXXI. — BiGU) Pandulum. 

If we could construct a pendulum with a bob so 
small and a string so fine that it might be regarded 
for practical purposes as a simple pendulam, it would 
be easy to determine g by this method. But all real 

pendulums have bobs of considerable size, and in 
order to preserve the length invariable the bob must be 
connected with the point of suspension by a stout rod, 
the mass of which cannot be neglected. It is always 
■possible, however, to determine the length of a simple 
pendulum whose vibrations would be executed in the 
same manner as those of a pendulum of any shape. 
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The eompldie dueoflBkm of ttii fldgefli bad 

ns into calculations beyond the limits of this trei^ifl0i 
We may, however, arrive at i^e most important result 
without calculation as follows* 

The motion of a rigid body in one ^ne may be 
completely defined by ptatjng ^e motioii of its centxie 
of masSy and the motion oC^ibo body round itii ctntro 
of masflL. 

The force required tQ produce a given change the 
motion of the centra of mass depends only pn the mass 
ofthebody (Art/iXni). 

Xhe moment^ r^nired to produce a given change of 

angular velocity about the 
9ig.i8.** centra of mass depends on 
. the difltribntion of the mass. 

^£;v/*'*- '«C •Q^ being greater the further the 

^ ^ diflferent parts of the body are 

* from the centre of mass, 

.therefore, we form a system of two particlea 
;>i^^y connected) the sum of the masses being eqnal 
^ tb the mass of apendolanr, their centre of mass coin- 
••fiiding with that of the pendnlnm, aiid their distances 
from the centre of mass being such that a couple 
of the same moment is required to produce a given 
rotatory motion about the centre of mass of the new 
^stem as about that of the pendulum, then the new 
system will for motions in a certain plane be dyna- 
mically eqniTftlent to the given pendnlnm, that is, if 
the two systems are moved in the same way the foraee 
required to guide the motion will be equal. Since the 
two particles may have any ratio, provided the sum 
of their masses is equal to the mass of the jJendtilum, 
and since the line joining them may have any direction 
provided it peases llurongh the centre of masSi we xhay 
snan^ them so that one of the paftidetf eettei^^ 
any given point cf the pendnhim, say, the pdintiof §aa^ 
pension P (fig. 13)/ The mass of this particle and the 
position and mass of the other at Q, will be determinate. 
The position of the second particloi is called the 
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CteteeofOfeiI]atbn...i9ow^m the systiui of.two par- 
tieles, if one of fhem, P, is fixed and the oiher, allowed 

to swing under the action of gravity, we have a simple 
pendulum. For one of the particles, P, acts as the 
point of suspension, and the other, Q, is at an inva- 
riable distance ficom it, so that the connexion between 
them is the sfme as if they were united by a atring of 
leQgth i=;pQ. . 

Hence a pendnlnm of any fom swings in eiaetly 
the same manner as a simple pendulum whose length 
is tho distance from the centre of. suspension to the 
centre of oaciUation. 

1--* .• *, . 

Abtiole CXXn. — Invebsion of the Pendulum. 

' ' ' ^ ■ 
Now lei ns suppose Hhe system of two parlieles 

inverted, Q being made the point of suspension and 
P being made to swing. We have now a simple pen- 
dulum of the same length as before. Its vibrations 
will therefore be executed in the same time. But it 
is dyioam^illy eqttivalent to the pendulnm suspended 
by iis eentye of oscillation. . ; / • 

Hence if a pendnlmn be inverted and suspended by 
its centre of oscillation its vibrations will have the 
same period as before, and the distance between the 
centre of suspension and that of oscillation will be 
equal to thai^ o£^ a., simple pendulum haying, the sam^ 
time of 'Vibration. " 

It was in this way that Captain Eftt^^deteonxm 
tiie 'length fji the simj^ pendulum wbudi vilnates 
seconds. 

He constructed a pendulum which could be made to 
vibrate about two knife edges, on opposite sides of the 
centre of mass and at une^^mL distances from it. 
' 9y certaoi adjustments, he made the time of vibra* 
tion the same whether the one hni& edge or the other 
were the ecniire of suspension. - The length of' the 
corresponding simple pendulum was then found by 
measuring the distance between the ^nife edges* . 
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AmatM OXXni. — [Dulustbation qw Eaheb's Bin* 

DUIiUM. 

The principle of Eater's Pendnlam may be illus- 
trated by a veiy simple and striking experiment. Tak« 

a flat board of any form (fig. 14), and 
drive a piece of wire through it near 
its edge, and allow it to bang in a 
vertical plane, holding the ends of the 
wire by the finger and thumb. Take 
a small bullet, fasten it to the end of a 
thread and allow the thread to pass 
over the wire, so that the bnllet banga 
eloee to the board. Move the hand by 
which yon hold the wire horizontally in 
the plane of the board, and observe 
whether the board moves forwards or 
backwards with respect to the ballet. 
If it moves forwards lengthen the string, if backwards 
shorten it till the ballet and the board move together. 
Now mark the point of the board opposite the centre 
of the bullet and fasten the string to the wire. You 
will find that if you hold the wire by the ends and move 
it in any manner, however sudden and irregular, in tho 
plane of the board, the ballet will never quit the marked 
spot on the board. 

Hence this spot is called the centre of oscillation, 
because when the board is oseillating abont the wire 
when fixed it oscillates as if it consisted of a single 
particle placed at the spot. 

It is also called the centre of percussion, because if 
the board is at rest and the wire is saddenly moved 
horizontally the board will at first h^pn to rotate about 
the spot as a centre* 

AnmaLB CXXIV.~I>ktsbiiiiutiom ov thb Inzbhsitt 

OF GSAVITY. 

The most dii*6ct method of determining g is, no 
doubt, to let a body fall and find what velocity it has 
gained in a second, bat it is very difficult to make acca- 
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rate observations of the motion of bodies when their velo- 
cities are so great as 981 centimetres per second, and 
besides, the experiment would have to be conducted in 
a Yesael from which the air has been exhausted^ as the 
resistance of the air to such rapid motion is Teiy con* 
siderable, compared with the weight of the falfing body. 

The experiment with the pendulum is much more 
satisfactory. By making the arc of vibration very small^ 
the motion of the bob becomes so slow that the resist- 
ance of the air can have very little influence on the time 
of vitmtion. In the best dperiments the pendulum 
is swmig in an air*tight yessel from which the air is 
ediansted. 

Besides this, the motion repeats itself, and the pen- 
dulum swings to and fro hundreds, or even thousands, 
of times before the various resistances to which it is 
exposed reduce the amplitude of the vibrations till they 
can no longer be observed. 

Thus the actual observation consists not in watching 
the beguming and end of one vibratidn, hot in deters* 
mining the duration of a series of many hundred vibra- 
tions, and thence deducing the time of a single vibration. 

The observer is relieved from the labour of counting 
the whole number of vibrations, and the measurement 
is made one of the most accurate in the whole tango of 
practioal sdence lyy the following method. 

Abtiolb CXXV. — ^Mkthod of Obssbvatzon. 

A pendulum clock is placed behind the experimental 
pendulum, so that when both pendulums are hanging 
▼eriiealiy the bob, or some other part of the experi- 
mental pendnlnm, just hides a white spot on the dock 
pendulum, as seen by a telescope fixed at some distence 
in front of the clock. 

Observations of the transit of " clock stars '* across 
the meridian are made from time to time, and from 
these the rate of the clock is deduced in terms of 
«<mean solar time.'' 
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HSm expennimlUL imdiiliim is fhen set a swingiiig, 

and the two pendulums are observed through the tele- 
scope. Let us suppose that the time of a gingle vibra- 
tion is not exactly that of tha. elock peoduloqiig hoi ^ 
liitb more. * \ . « .. . 

'The /obsinTar at ihe^-MmtJf^ 
fMMxm ^ahiiays^'gMgiag on the expeiiiMQi^ e^n^* 
hSm; tin ot last'flie Experimental p^vhim jnsi hides 
the white spot on the clock peudulam as it crosses tho 
vertical Une. The time at which this takes plac^ is 
observed and zsoordod a^ the First . Pos^y^oCoinci- 
deuce* 

The dock pendulum e naWm ie s 'to gain on fb» othepf 
ald;all6r ftwrt 



tlie.tvo iffinddiiliii , enw fhe 
t^iiMd line mt fhe suae instant in opposite diieip&ms. 

The time of this is recorded as the First Negative Coin- 
^dence. After an equal interval of time tb^.wiU: t>e.,a 
second positive coincidence, and so on. / . . 

By this inethod the elock itself counts tiM inimbi^^ 
of vibratioiis of its own pendvkun* between fho'^eoiim;' 
defMMlk! I)Ming'tfnstimettae]qperim«n^ pendnlnahiis 
eaDMhlte3 one vibration lesslfaan the dock. Hence the 
6 of vibration of the experimeuial pendulum^ is 



■ 









seeonds of dMtk ibne. 

When there is no. exact coinsiden^ but when the 
k pendnlnm is ahead of tiie es^rimental pendnloxn 
at one passa|(e of the vertici^ and behind at the next, 

a little practice on the part of the observer will eieiable 
bfan to estimate at what time between the passages the 
two pendulums must havaJbeen in the same phase. The 

eDoch of «Ainiwii«n<iA Mm thu ho sfitiTnatifid to afcBfition 

tliiseeoiid. * 



• I* 



Asxwa CXXyi.— EsiniiTioN or Ekbob. ' 

' The ex|>erimental pendulum wfll go on swinging for 
some hours, so that the whole time to be measured may 
be ten thousand or more vibrations* . , 
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fiailhi mov jnbodiieediBto the MltnOftM tale oF 

Tibnttion, byasufriiake evenof awholeeeeond iniiotiiig 

the time of vibratioiiy may be mad^^ e^cei^diii^ly small 
bj prolonging the experiment. 

For if we observe the first and the r?th coinci- 
d^ce, and find that they are ^eparaied by an interrai 
of N seo^ida of ih^ Glook» the epqf&iimaiBl p^ohim 
irill have loit^i Tibaratioiui, as eon^jwe&inib tbe dode, 
and will have nade.H— rn yibrationa in. N seconds. 

Bence fhe time of a Bin(^.;vilmtLoii h I=:;r^ 

aeconds of clock time. - 

Lei us sappose, however, that by a mistake of a 
aeerad we note down fhe last eoinAidenee as tiJdng 
place N4^1 seconds after the fint» ■ Xbe Table T as 
dedneed firom this result woold be 

and the error introduced by the mistake of a second 

""(N-fl— n)(N— ») • • ' 

If N is 10000 and n is 100, a mistake of one second 
in noting the time of coincidence will alter ihe vfthie of 
T onlly-i^^t'ene-millionth part of its value* ' " ' * 



/ • • ♦ • . » k ' 



• I 

< 



• OHAPTEB YUL 

The most instructive example of the method of dyna-^ 
mical reasoning is that by which Newton detennmed 
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fhe few of ttie tone mXh lAkh fhe heayoily bodies act 
on each other. 

The process of dynamical reasoning consists in deduc- 
ing from the successive configurations of the heavenly 
bodies, as observed by astronomers, their velocities 
and their aecekrations, and in this way determining 
the diieetioii and the relative' magnitade of the foiee 
-whiofa aete m them. 

Kepler had abready prepared the way for Newton's 
investigation by deducing from a careful study of the 
observations of Tycho Brahe the three laws of planetaxy 
motion which bear his name* 

* 

Abtiou CXXVUL — Ksixjbb's Laws. 

Kepler^s Laws are purely kinemotical. They eom* 
pletely describe the motion of the planets, but they say 

nothing about the forces by which these motions are 
determined. 

Their dynamical interpretation was discovered by 
Newton. 

The first and second law relate to the motion of a 
single planet. 

^ Law I.— The aareas swept out by the vector drawn 
from the sun to a planet are proportional to the times 
of describing them. If h denotes twice the area swept 
out in unit of time, twice the area swept out in time t 
will heht, and if P is the mass of the planet, Vht will 
be the mass-are% as defined in Article LXVIIL Hence 
the ai^iidar momentom of the planet about the son, 
which 18 the rate of change of ttie ma8S-area» wiU be 
P A, a constant quantity. 

Hence, by Article LXX., the force, if any, which acts 
on the planet must have no moment with respect to the 
8un» for if it had it would increase or diminish the 
angiilar momentom at a rate measured by the value of 
this moment 

Henee> whatever be the force which acts on the 
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ph&et, the diraetum of Vm fime most almjs pais 

thiougli the 

Abhols GXXIX. — ^Angular VELOoiry. 

De&nitioD* The angular ydoeitj of a Tdistor is tbe 
rate at wliieh the angle inareaaes irihioh it makes mih 

a fixed Tector in the plane of its motion. 

If 01 is the angular velocity of a vector, and r its 
length, tbe rate at which it sweeps oat an area is 
fiA Hence, 

and since h is constant, cd, the angular velocity of a 
planet's motion round the snn, varies inversely as the 
square of the distance from the sun. 

This is true whatever the law of force may be, pro- 
vided the foroe aotmg on the j^et alwajs passes 
throned ttie son. 

Abtiols CXXX. — ^Motion about thb Ckmtbb ov 

Mass* 

Since the stress between the planet and the son sets 
on both bodies, nrither of them eaa remain at rest. 

The only point whose 

motion is not affected Sifrli. 

hy the stress is the j | 

centre of mass of the C 

two bodies. 

Ifristhe distance 8 P (fig. 15), and if Cistheeentre 
of mass, 8 c = and CP = ~— The angular 

momentum Of PabontCisP-^^, =C^^ 



Abtiolb CXXXL — The Obbit, 

We have already made use of diagrams of configura- 
tion and of velocity in stodying the motion of a 
material system. These diagrams, however, represent 

only the state of the system at a given instant ; and 
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this fitato is indicated by the relative position of points 
corresponding to the bodies forming the system. 

It is often, however, convenient to represent in a 
single diagram the whole series of configurations or 
'valoeities' which the syslem Mnnnes. It-wd siippose 
lk(rp«diteJof:fh6 doM^ moTe -so imi cwiamUy to 
represent Hie slnto^'thei iMmng sysiem, efteli,{Kimt of 
the diagram will trace out a line, straight or curved. 

On the diagram of configuration, this line is called, 
in general^ the Path of the body. In the case of thp 
baav^y boi^rit is often call^ the Orbits 

Abtiole CXXXII. — The Hodograph, 

* On the diagram of velocity the line traced out by 
^tidSsL moting pdiniui' ealtod 4to fiodogr^ of the'body 
to wideh it eomsponds. 

The study of the Hodograph, as a method of investi- 
gating the motion of a body, was introduced by Sir 
W. R. Hamilton. The hodograph may be defined as 
the ^path ti^aced out by the extremity of a vector which 
.eontmfudly xvpresents, in diree|iQ)^ find magnitade, tibe 
Tdooi^ A a moving body* 

In applying thd method of the hodograph to a planet, 
the orbit of which is in one plane, we shall find it conve- 
nient to suppose the hodograph turned round its origin 
through a right an^le, so that the vector of the hodo- 
graph is perpendicular instead (tf parallel to ttie velo- 
dty it repments* 

Abtigle CXXXin. — Kepler's Second Law. 

Law II.-^The orbit of a planet with respect to the 
sun is an ellipse, the son being in one of the fom* 

Let A P Q B (fig. 16) be the eUiptie orbit. Let 8 

be the sun in one focus, and let H be the other focus. 
Produce S P to U, so that S U is equal to the transverse 
axis AB, andjoin H U, then H TJ will be proportional 
and perpendicular to the velocity at P. 
For biseet H U in Z and join Z P, Z P will be a 
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tangent to the 
dUipse- at /J^;(Mioa 
let.& Y be a 
perpendioafar 
from Son this 
tangent. ' '* * 
H is the 
velocity at P, 
and A twice the 
ana svispt out ' 
in mit of tpa 

Also if b is 
half the con- 
jugate axis of, 
the ellipse 

KowHUs: 
2H Z : hence , ^ — 

Hence H U is always proportional to the velocity, 
and it is perpendicular to its direction. Now S U is 
always equal to A B. Hence the circle whose centr^ is 
8 and nmus A B is the hodogntph of the planet, H 
being the origin of the bodograph. 

The corresponding points of the orbit, and the bodo- 
graph are those which lie in tbe same straight linQ 
through S. 

Thus P corresponds to TJ and Q to V, 
' !Die vdoeity communicated to the body dnring its 
passage from P to Q ia ^reptesented by the geometeiiud 
diffierenee between the yectora H U'und H Yt ibat ia, by 
ibe bne U and it is perpendienlar to tins are at fibe 
circle, and is therefore, as we have already proved, 
directed towards S. • * . • 

If P Q is the arc described in unit of time, then U V 
represents the acceleration, and since U Y on a 
eirde wboae centre is S, U Y will be a measnro of 
the angidar Telodty of tiie planet about S. Hence the 
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acceleration is proportional to the angular velocity, and 
this by Art. CXXIX. is inversely as the square of the dis- 
tance S P. Hence the acceleration of the planet is in 
the direction of the sun, and is inversely as the square 
of the distance from the son. 

This, tiiereforei is the law according to which the 
attraction of flie sun on a planet varies as the planet 
moves in its orbit and alters its distance from the mm. 

AaucLE CXXXIV. — Fobce on a Planet. 

Since, as we have ahready shown, the orbit of the 
planet with respect to the centre of mass of tilie snn 

and planet has its dimensions in the ratio of S to 
S-f-P to those of the orbit of the planet with respect 
to the Sun, if 2a and 26 are the axes of the orbit of 
the planet with respect to the son» the area is tt a 6, 
and if T is the time of going completely ronnd the 

orbit, the value of his 

The velocity with respect to the sun is therefore 

a 

frT"^HU 

"^th respect to the centre of mass it is 

8 wn 

S+P Tb 

The acceleration of the planet towards the centre of 

mass is ^ -r. y 

S+P T b 

and the impulse on the planet whose mass is P is 

therefore s.P ira 

— UV 

Let t be the time of describing P then twice the 
area S P Q is h*-^ 

and U Y=2a «» #=:2a ~ tzz^n — . t. 

r- Tr» 

Hence the force on the planet is 



S-fP T'r^ 
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This then is {he valne of the stress or attraetion be* 
tween a planet and the son in terms of their masses P 

and S, ilieir mean distance a, their actual distance r, 
and the periodical time T. 



A&TIGXi£ CXXXV. — iKIfiEPBEXATlOM OF KePLEb'S 

THmn L4W. 

To compare the attraction between the sun and dif* 
ferent planets, Newton made use of J^ler^s tbixd 

law. 

Law III. — The squares of the time of different planets 
are proportional to the cubes of their mean dis- 
tances* 

o' C 
In other words jjj is a constant, say — 

Hence rj S . P 

In the case of the smaller planets their masses are 

so small, compared with that of the sun, that r— = 

may be pot equal to 1, so that F=0 P — 

or the attraction on a planet is proportional to its 
mass and inversely as the square of its distance. 



Abtxclb CXXXVI* — ^Law of Gbavitaxion< 



is the most remarkable fact about the attraetion 

of gravitation, that at the same distance it acts equally 
on equal masses of substances of all kinds. This is 
proved by pendulum experiments for the different 
kinds of matter at the surface of the earth. Newton 
extended the law to the matter of which the different 
planets axe composed. 

It had been suggested, before Newton proved it, 
that the sun as a whole attracts a planet as a whole, 
and the law of the inverse square had also been pre- . 

H 
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viouslj stated, but in the hands of Newton the doctrine 
of gravitation assumed its final form. 

Every portion of matter attracts every other jyortion 
of matter^ and the stress between them is proportional to 
ike product of their masses divided hy the square of 
their distance. 

For if the atfaraetion between a gmnme of matter in 
the sun and a gramme of matter in a planet at distance 

Q 

r 18 — where G is a constant, then if there are S 

grammes in the sun and P . in the planet the whole 
attraction between the son and one gramme in the 

c s 

planet will be and the whole attraction between 

SP 

the sun and the planet will be C — 

Comparing this statement of Newton's ''Law of 
Uniyersal Gravitation with the Talne of F formerly 
obtained we find 

0^ = 4..»^-^ 



or 4ir?a3 = C(8+P)T2 



Abtiolb OXXXYU.— Ambhdsd Fobm of Esflbb's 

Thibd Law. 

Henc^ Eepler^s Third Law mnst be amended thns : — 

The cubes of the mean distances are as the squares 
of the times multiplied into the sum of the masses of 
the sun and the planet. 

In the case of the larger planets, Jupiter, Satom, &c., 
the valne of S + P is eonsidmbly greater thim in 
the case of the earth and the smaller planets. Hence 
the periodic tunes of the larger planets should be some- 
what less than they would be according to Kepler's law, 
and this is found to be the case. 

In the following table the mean distances (a) of tbo 
.planets are given in terms of the mean distance of the 
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earth, aud the penodic time I in terms of tke sidereal 
year; — 

Planet a T fl* T* a^—T^ 

Mercury 0.3S7098 0.24084 0.0580046 0.0580049 — 0.0000003 

Venus 0.72333 0.61518 0.378451 0.378453 — O.OU00003 

Earth 1. 0000 1.00000 LOOOOO 1.00000 

Mam 1.52860 1.8808S S.58746 3.58747 — 0.00001 

Jupiter 5.20278 11.8618 140.832 140.701 -f 0.131 

Saturn 9.53879 29.4560 867.914 867.658 +0.256 

UrauuA 19.1824 84.0123 7058.44 7058.07 -^-0,^7 

Koptmie 80.037 104.6^6 S7100J> S7003.4 4^ 1.6 

It appears from the table that Kepler's third law is 
very nearly accurate, for if is very nearly equal to T*, 

but that for those planets whose mass is less than that 
of the earth — namely, Mercury, Venus, and Mars — is 
less than T', whereas for Jupiter, Saturn, Uranus, and 
Neptone, ^hose mass is greater than that of the earth, 
cf is greater than P. 

Abholb CXXXYin. — Potbntul Enxbot dub to 

GBATITAnOK. 

The potential energy of the gravitation between the 
bodies S and P may be calculated when wo know the 
attraction between them in terms of their distance. 
The process of calculation by which we som up the 
effects of a oontinoally varying quantity belongs to the 
Integral Caleala8» and though in this case the calcula- 
tion may be explained by elementary methods, we shall 
rather deduce the potential energy directly from Kepler*s 
first and second laws. 

These laws completely define the motion of the sun 
and planet, and therefore we magr find the kinetic energy 
of the system corresponding to any part of the elliptic 
orbit* Now, since the sun and plimet form a conserva* 
tive system, the sum of the kinetic and potential energy 
is constant, and therefore when we know the kinetic 
energy we may deduce that part of the potential 
energy which depends on the distance between the 
bodies. 

Digitized by 



\ 



116 GBAVITATION. 

Abticle CXXXIX. — ^EiNsiio Ei^oy of the System. 

To detemiiiie the kmetio energy we observe that the 

velocity of the planet with respect to- the aim is by 
ArUcleCXXXm. 

The velocities of the planet and the sun wMi respect 
to the centre of mass of the system are respectively - 

S p ^ - 

— *^ V and ~" V 
S+P S+P 

The khietio taeij^es of the planet and the son are 
thereforer 

ip ^J^^ and tS ; 
and the whole kinetic energy is 

To determines' in terms of SP orr, we obsenre that 
by the law of areas 

^ _ , (1) 

also by a property of the ellipse 

and by the similar jriangles H Z Pand S Y 

multiplying (2) and (3) we find . * 

«> 6' T ^ 

2a-r 

Hence by (1) 

and the kinetic energy of the system is 

T* S+P \ r 2a / ' 

and this, by the eqaafoon at the end of Article CXXXVI* 
becomes « « ^ / i i \ 

where 0 is the constant of gravitation. 
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Tins (lie Talae of the kinetic energy 

S and P wlieu moving in an ellipse of which the trane- 
verse axis is 2a. 



AstioEiB OXIi. — PonsKTUL Emebgt of the SirSTBtf. 

The sum of the kinetic and potential energies is con- 
stant, but its absolute value is by Article CX. unknown, 
and not necessary to be kno^Ti. 

Jidnce if we assume that the potential energy is of the 
fonn . 

(he second term, which is the only one depending on 
the distance, r, is also the only one which we have any- 
thing to do with. The other term K represents the 
wock done by gravitation while the two bodies ongi- 
nally at an iodbiite distance from each other are allowed 
to approach as near as their dimensions will allow thenu 



Abticzjb OXLI. — ^The Mooh is a Hbaty Boby, 

Having thus determined the law of the force between 
each planet and the sun, Newton proceeded to show 
that the observed weight of bodies at the earth's suiface 
and the force which retains the moon in her orbit round 
ttie earth are related to each other according to the 
same law of the inverse square of the distance* 

This force of gravity acts in every region accessible 
to us, at the top of the highest mountains and at the 
highest point reached by balloons. Its intensity, as 
measured by pendulum experiments, decreases as we 
ascend; and although the height to which we can ascend 
18 SO small compared with the earth's radins that we 
cannot from observations of this hind infer that gravity 
wries inversely as the sq,uare of the distance from the 
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centre of the earth, fiie obserred deerease of the int^i- 

sity of gravity is consistent with this law, the form of 
^^'hich had been suggested to Newton by the motion of 
tho planets. 

Assoming, then, that the intensity of gravity yaries 
inversely as the square of the distance from the centre . 
of the earth, and knowing its value at the snrfiuse o{ the 
earth, Newton calculated its value at the mean distance 

of the moon. 

His first calculations were vitiated by his adopting an 
erroneous estimate of the dimensions of the earth. 
When, however, he had obtained a more correct value 
of this quantity he found that the intensity of gravity 
calculated for a distance equal to that of the. moon was 
equal to the fiofce required. to keep the moon in hex 
orbit. 

He thus identified the force which acts between the 
earth and the moon with that which causes bodies near 
the earth's surface to fsdi towards the earth. 



AbTICLB GXm. — CAVENmSH's ESSBBDIIIIT. 

Having thus shown that the force with which the 
heavenly bodies attract each other is of the same kind 
as that with which bodies that we can handle are 
attracted to the earth, it remained to be shown that 
bodies such as we can handle attract one another. 

The difficulty of doing this arises from the fact that 
the mass of bodies which we can handle is so small 
compared with that of the earth, that even when we 
bring the two bodies as near as we can the attraction 
between them is an exceedingly small fraction of the 
weight of either. 

We cannot get rid of the attraction of the earth, but 
we must arrange the experiment in such a way that it 
interferes as little as is possible with the effects of the 
attraction of the other body. 
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The apparatus devised by the Rev. John Michell for 
this purpose was that which has since received the 
name of the Torsion Balance. Michell died before he 
was able to make the experiment, but his apparatos 
afkerWardB came into the hands of Hmny Cavendiob, 
who improved it in many respects, and measured the 
attraetion between large leaden balls and small balls 
suspended from the arms of the balance. A similar 
instrument was afterwards independently invented by 
Coulomb for measuring small electric and magnetic 
forces, and it continues to be the best instrument 
known to science for the measurement of small forces 
of all kinds. 



Article CXLin. — The Tobsion Balance. 

The Torsion Balance consists of a horizontal rod 
suspended by a wire from a iixed support. When 
the rod is turned round by an external force in a 
horizontal plane it twists the wire, and the wire being 
elastict tends to resist this strain and to nntwist itsdf. 
This force of torsion is proportional to the angle 
through which the wire is twisted, so that if we cause 
a force to act in a horizontal direction at right angles 
to the rod at its extremity, we may, by observing the 
angle through which the force is able to tarn the xod| 
determine the magnitude of the force. 

The force is proportional to the angle of tormon 
and to the fourth power of the diameter of the wire 
and inversely to the length of the rod and the length 
of the wire. 

Hence, by using a long fine wire and a long rod, 
we may measure very small forces. 

In the experiment of Oavendish two spheres of equal 
mass, niy are suspended from the extremities of the 
rod of the torsion balance. We shall for the present 
neglect the mass of the rod in comparison with that of 
the spheres. Two larger spheres of e^^ual mass, 
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are so arranged that they can be placed either at M 
and M or at and M'. In the former position thej 

tend by their attraetion/on the 
smaller sphereSy m and to 

©turn the rod of the _ balanee 
Q ( K \ in the direction of the arrows. 
I In the latter position they tend 

to torn it in the opposite direc- 
tion. The torsion balance and 
its sospended spUeres are en* 
closed in a case, to prevent 
their being disturbed by currents 
of air. The position of the rod 
of the balance is ascertained by 
observing a graduated scale as 
seen by reflexion in a vertical 
siirTor &stened to the middle 
of the rod. ![fae balance is 
placed in a room by itself, and 
the observer does not enter the 
room, but observes the image of 
the graduated scale with a telesoope* 



Abtiolb GXLIV.-— Hbtbod of thb EzmnoBiiT. 

The time, T, of a double vibration of the torsion 
balance is first ascertained, and also the position of 
equilibrium of the centres of the suspended spheres. 

The large spheres are then brought up to the posi- 
tions M M» so that the centre of each is at a distance 
from {he position of equilibrinm of the centre of the 
suspended sphere. 

No attempt is made to wait till the vibrations of the 
beam have subsided, but the scale- divisions correspond- 
ing to the extremities of a single vibration are observed,, 
and are found to be distant x and y respectively from 
the position iA eqnilibrinm* At these points ttie rod is, 
for an instant, at reski so that its energy is entirely 
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potential, and since the total energy is constant, the 
pptential energy conesponding to tiie position a? auuik 
be eqn^ to that oonmpoaidisg to the pontioiiy. 



mg. 18. . 

-I :k 



Now if T bo the time of a double vibration about the 
point of equilibrium 0, the potential energy due to 
torsion when the scale reading, is x is by A2:tiole GXHL 

■ ofl 

and that due to the gravitotion between m and M is by 
Article CXIi. 

K - C ^— 

The pote&tiiil energy of the whole ^^stem i& the posir 
tion ^ itf therefore 

In the position ^ it is 

and since the potential eAergy in these two poeitiond 

is equal, • • • . . ^ . . .. .. .. . • . 

. o«m(^, - „i);=^-^ (y«-f^»). : :,. 

■C=^(.+y)(a-.)(a-y) ' , 

By this equation 0, the constant of gnmtation^t is 
detisrittined in terms of the obs^ed qoantitteey M' the 

mass of the large spheres in grammes, T the time of a 
double vibration iu seconds, and the distances x y and 
a in centimetres. 

According to Baily's experiments, C=z6.5 x lO"^* 
If we assome the unit of maaat so tint at a dutanoe 
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unity it would prodnee an acceleration unity, the centi-* 
metre and the second being units, the unit of mass 
would be about 1.537 x 10' grammes, or 15.37 tonnes. 
This unit of mass reduces the constant of gravita- 
tion, to unity. It is therefore need in the calcviatioiui 
of physical astronomy. 

. 

Article CXLV, — Universal Gravitation, 

We have thus traced the attraction of gravitation through 
a great variety of natural phenomena, and have fouid 
that the law established for the variation of the force at 
different distances betwe^ a planet and the son also 
holds when we compare the stbaction between different 
planets and the snn, and also when we compare the 
attraction between the moon and the earth with that 
between the earth and heavy bodies at its surface. We 
have also found that the gravitation of equal masses at 
eqnal distances is the same whatever be the nature of 
the material of which the masses consist This we 
ascertain by experiments on pmdnlmns of different 
substances, and also by a comparison of the attraction 
of the sun on diflferent planets, which are probably 
not alike in composition. The experiments of Baily 
on spheres of different substances placed in the 
torsion balance confirm this law« 

SincOt therefore, we find in so great a nnmber of 
eases occnrring in regions remote firom each other that 
the force of gravitation depends on the mass of bodies 
only, and not on their chemical nature or physical 
state, we are led to conclude that this is true for all 
snbstanoes. 

For instance, no man ci science doubts that two 
portions of atmospheric air attraet one another, althon^^ 
we have very little hope that experimental methods 

will ever be invented so delicate as to measure or even 
to make manifest this attraction. But we know that 
there is attraction between any portion of air and the* 
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earth, and we find by Oi^Tendisfa's experiment that 

gravitating bodies, if of sufficient mass, gravitate 
Hensibly towards each other, and we conclude that 
two portions of air gravitate towards each other. But 
it is still extremely doubtful whether the medimn of 
light and electricity is a gravitaldng sabstaoee^ fboii|^ 
it ie certainly material and luui in^ 



Abticle CXLVI. — Cause of Gbavitation, 

Newton, in his Frincipia, deduces from the observed 
motions of the heavenly bodies the fact that they attract 
one tmoUier according to a definite law. 

This he gives as a resnlt of strict dynamical reason- 
ing, and by it he shows how not only the more con- 
spicuous phenomena, but all the apparent irregularities 
of the motions of these bodies are the calculable results 
of this single principle. In his Frincipia he confines 
himself to the demonstration and development of this 
great step in the science of the mntual action of bodies. 
He says nothing abont the means by which bodies are 
made to gravitate towards each other. We know that 
his mind did not rest at this point — that he felt that 
gravitation itself must be capable of being explained, 
aod that he even suggested an explanation depending 
on ihc action of an etherial medium pervading space. 
But with that wise moderation which is charactrai^c 
of all his investigations, he distingoished such specula- 
tions from what he had established by observation and 
demonstration, and excluded from his Frincipia all 
mention of the cause of gravitation, reserving his 
thoughts on this subject for the Qneries" printed at 
the end of his ** Opticks.** 

The attempts which have been made sincothe time 
of Newton to solve this difficnlt question are few in 
number, and have not led to any well-established 
result. 
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Abticle CXLVn. — ^Application op Nswton's 
Mbxhod of iNvsam^TioN. 

The method of investigating the forces which aet 
between bodies which was thns pointed oat and exem- 
Rifled by Newtoa in thd ease of ihe hwveiBlj bodies, 
was followed oat saeeessfoUy ia the case of eleetrified 
and magnetized bodies by Gayendish, Coulomb, and 
Poisson. 

The investigation of the mode in which the minute 
particles of bodies act on each other is rendered more 
difficult from the &ct that both the bodies we considfir and 
their distances are so small that "we cannot perceive or 
ineasare them, and we are therefore onable to observe 
their motions as wo do those of planets, or of electri&ed 
and magnetized bodies. 

Abtiole CXLYIII. — Methods of Mououulb 

iNVBSraOATlOHS. 

JQence the investigations of molecular science have 
proceeded for the most part by the method of hypo- 
thesaSf and comparison of the resolts of the hypothesis 
with flie observed facts. 

The success of this method depends on the generality 
of the hypothesis we begin with. If our hypothesis is 
ihe extremely general one that the phenomena to be 
investigated depend on the configuration and motion of 
a material system, then if we are able to dedace any 
available veralts from such an Jbypothesis, we may 
safely apply them to the phenomena before as. 

If, on the other hand, we frame the hypothesis that 
the configuration, motion, or action of the material 
system is of a certain definite kind, and if the results 
of this hypothesis agree with the phenomena, then, 
unless we can prove that no other hypothesis woold 
accoont fbr the phenmnena, we most still admit the 
possibility of our hypothesis bemg a wrong one. 
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ASBOaa GXLIX« — Impobxanob ov Gxnbiul Am 

EUMftSTABT PbOFBBTIBS. 

It is therefore of the greatest importanee in all 
physical inqidrieB that we should be tfaoxoiighly 
aoqnaanled wifli fiie moat igeneral properties of material 

systems, and it is for this reason that in this book I 
have rather dwelt on these general properties than 
entered on the more varied and interesting field of the 
q^cial properties of partiealAr forms of matter. 



THE END. 
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